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Abstract

We consider a general mechanism-design environment with incentive constraints
resulting from frictions such as adverse selection or moral hazard. A set of decisions
is defined as incentive-separable if, starting at an initial allocation, perturbing these de-
cisions along agents’ indifference curves preserves the incentive constraints. We show
that, under regularity conditions, the optimal mechanism allows agents to make un-
restricted choices over incentive-separable decisions, given some prices and budgets.
This finding extends and unifies the classical results on the optimal taxation of com-
modities (Atkinson-Stiglitz and Diamond-Mirrlees theorems) and provides a novel jus-

tification for in-kind redistribution programs similar to food stamps.
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1 Introduction

One of the central problems studied by public finance is the conflict between efficiency
and redistribution. The trade-off arises whenever the conclusion of the second welfare
theorem fails—primarily due to incentive constraints (Kaplow, 2011). Nevertheless, some
of the most celebrated results in optimal taxation identify decisions for which the equity-
efficiency trade-off can be avoided. Diamond and Mirrlees (1971) showed that production
plans should remain undistorted—regardless of the planner’s redistributive preferences—
in economies in which only consumers possess private information. Atkinson and Stiglitz
(1976) demonstrated that when consumers’ preferences are weakly separable between con-
sumption choices and labor supply, commodities should not be taxed in a distortionary
manner. The Atkinson-Stiglitz result was subsequently shown to imply that certain dis-
tortions should be avoided in other settings such as dynamic capital allocation (Ordover
and Phelps, 1979), public good provision (e.g., Christiansen, 1981), and economies with
externalities (e.g., Cremer et al., 1998). Gauthier and Laroque (2009) further generalized
the analysis of optimal taxation under weak separability by observing that the second wel-
fare theorem can be applied to weakly separable goods alone, irrespective of distortions
imposed on other decisions in the economy.

In this paper, we identify a common logic underlying these results, and explore its con-
sequences using a mechanism-design framework. In our model, a planner maximizes a
social welfare function subject to incentive constraints (which prohibit the implementation
of the first-best allocation). Unlike previous work, we do not impose a priori restrictions on
either the form of incentive constraints or agents’ preferences. Instead, we study the notion
of incentive separability: A set of decisions is called incentive-separable at some initial allo-
cation if any modification of these decisions that keeps all agents indifferent to the initial
allocation is guaranteed to preserve incentive constraints. In general, modifications that
keep agents’ utilities from their assigned allocations unchanged may nevertheless change
the payoffs from deviations; thus, the restriction imposed by incentive separability is that
no deviation becomes profitable. As a result, the set of incentive-separable decisions for a
given application is determined jointly by what is assumed about agents’ preferences and
the nature of incentive constraints (available deviations). For example, all decisions are
incentive-separable if the only incentive constraint is voluntary participation; weak separa-
bility implies incentive separability in settings with adverse selection; and decisions made

conditional on a realized state are incentive-separable in moral-hazard environments.

Our main result (Theorem 1) states that it is always optimal to remove distortions between

incentive-separable decisions. Moreover, under regularity conditions, these decisions can
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be decentralized: Agents are allocated type-specific budgets and make (otherwise unre-

stricted) choices over incentive-separable decisions, taking prices as given.

The main result is derived through the following thought exercise: Taking any mecha-
nism satisfying incentive constraints, we can reoptimize over the allocation of incentive-
separable decisions subject to delivering the same target utility to all agents. Crucially, we
drop any incentive constraints from this auxiliary (re)optimization problem. Nevertheless—
by definition of incentive separability—the solution to the problem is guaranteed to satisty
them. Intuitively, considering the allocation of incentive-separable decisions in isolation al-
lows us to ignore the incentive constraints. The two main predictions of Theorem 1 easily
follow from this observation: By removing distortions between incentive-separable deci-
sions, the planner can deliver the same utility profile while freeing up scarce resources in
the economy; and once the allocation is undistorted, it can be implemented with budgets

and prices, mimicking the logic of the second welfare theorem.

We consider three applications. First, we show that Theorem 1 implies an extension of the
Atkinson-Stiglitz theorem in several directions, including incorporating moral-hazard con-
straints, relaxing any assumptions required for first-order analysis of the consumer prob-
lem, and generalizing the conclusion to suboptimality of any non-market mechanism (and
not just differential taxation). While many of these extensions have been separately estab-
lished in the literature following Atkinson and Stiglitz (1976), our approach leads to a par-
ticularly simple proof that is not tailored to any given extension. We also clarify that—once
a general environment is considered—observability of earnings (and a non-linear income

tax) is neither necessary nor sufficient for the Atkinson-Stiglitz result to hold.

Second, we show how the analysis of incentive separability naturally leads to a unifica-
tion of the Atkinson-Stiglitz theorem with the production efficiency result of Diamond and
Mirrlees (1971). We do this by replacing the simple linear production technology of Atkin-
son and Stiglitz (1976) with a complex production sector with many firms; we demonstrate
that when consumers have incentive-separable preferences over consumption goods, they
should face the same commodity prices that result from efficient production decisions of
profit-maximizing firms. At its core, the result is a consequence of the observation that
production decisions in the Diamond-Mirrlees setting are incentive-separable.

Third, we show that incentive separability provides a new justification for in-kind redistri-
bution schemes, such as food stamps programs. To date, the literature has emphasized that
in-kind redistribution of food—treated as a single category of consumption expenditures—
can be optimal only when weak separability fails (Nichols and Zeckhauser, 1982, Currie
and Gahvari, 2008). However, when consumption choices over food items are modeled at



a more granular level, some of them may naturally become incentive-separable from other
decisions, especially for consumers with low overall food consumption. Theorem 1 im-
plies that it is then optimal to give such consumers budgets that they can spend on these
food items at undistorted prices. This scheme closely resembles the design of the US food
stamps program. Under this perspective, food stamps are beneficial because they isolate
recipients’ food consumption choices from potential tax distortions. Furthermore, relying
on the flexibility of our framework in incorporating different incentive constraints, we ar-

gue that eligibility for food stamps should not be used to incentivize job search effort.

While we focus on applications to public finance, our model and definitions are framed in
terms of an abstract mechanism-design problem; in particular, we study a general objective
function and work in the space of direct mechanisms that assign decisions to types. The
mechanism-design perspective lies at the very roots of public-finance theory (with Mir-
rlees, 1971, being the canonical example); however, most classical uses of mechanism de-
sign were attempts to characterize the optimal tax system overall—a task that is intractable
in all but the most stylized cases.! Our mechanism-design approach differs from the clas-
sical one in that we do not attempt to fully characterize the optimal mechanism; instead,
we identify ways in which an existing mechanism can be improved upon. In this sense,
our approach is related to papers (such as Laroque, 2005, and Kaplow, 2006) that study

welfare-improving tax reforms.

2 General Framework

There is a unit mass of agents with types 6 distributed on a (measurable) subset © of RN.
A planner chooses a (measurable) allocation rule x : ® - RX that specifies the allocation
x(0) assigned to each type 6. We will refer to the respective dimensions of the allocation
as “goods,” with the understanding that they could also capture other types of decisions
(monetary transfers, time, effort, labor supply etc). Agents’ preferences over their assigned
allocations are described by the utility function U(x(0),6) which is continuous in the first

argument, and measurable in the second.?

Our setting allows for multi-dimensional types. However, because we imposed no as-

sumptions on how agents’ utilities depend on their types (in particular, we do not impose

These limitations led to the development and popularization of the ”tax perturbation” approach (Piketty,
1997; Saez, 2001; Golosov et al., 2014).

2Whenever we introduce a function of 6, we assume that this function is measurable. To simplify expo-
sition, we will use the convention that “for all 6” should be formally interpreted as “for almost all 8 with
respect to Lebesgue measure on ©.”



any single-crossing conditions), we can simplify notation by normalizing 0 so that it is

distributed uniformly on the unit interval.?

Planner’s problem. The planner chooses an allocation rule subject to incentive constraints:

xeZ, @D

where T ¢ (R )® is an arbitrary subset of allocation rules. We impose no structure on Z;
intuitively, it could capture individual rationality, incentive compatibility, or obedience
constraints in settings with adverse selection or moral hazard. An allocation x € 7 is called
feasible.

For any allocation rule x, let I/, denote the utility profile associated with the allocation rule
x, defined by Uy(0) = U(x(0), 0) for any 6 € O, and let x = [ x(0)d6 denote the corre-
sponding aggregate allocation. (Throughout, we will use boldface font to denote aggregate

allocations.) The planner maximizes
W (Uy, X), (W)

over feasible allocation rules, with W assumed to be continuous and non-increasing in the
second argument. The dependence on U, is standard and captures any “welfarist” pref-
erences (e.g., utilitarian preferences with social welfare weights). The dependence on the
aggregate allocation x captures preferences over allocations beyond their consequences for
agents’ utilities, and is central to our analysis. It could directly represent the cost of pro-
viding resources, or the opportunity cost of using resources available to the planner.* In
public-finance settings, dependence on x could capture the planner’s preferences over tax
revenue (see Section 4). Pure revenue maximization by a monopolist is a special case as
well (W would then not depend on the utility profile). Finally, if the planner faces con-
straints that make certain aggregate allocations x infeasible, dependence on x could result
from incorporating these constraints into the objective (see Subsection 3.1 and Section 6,

where we model such constraints explicitly).

Incentive separability. To define our key notion of incentive separability, we introduce
notation for partitioning the set of decisions {1,..., K} into two subsets (intuitively, the
incentive-separable decisions and the remaining decisions). For any subset S ¢ {1, ..., K} of
goods, we let x°(0) = (x;(0))jes, and x5(0) = (x;(0))ies. We will also write x = (x5, x=°).

3By the Borel isomorphism theorem, we can map any Borel measure space @ of cardinality at most con-
tinuum injectively into [0, 1], and then redefine the type to be the quantile of the resulting distribution.

41f the planner could deliver a given utility profile for less, she could allocate the remaining resources to
some socially valuable causes.



Definition 1. Decisions S ¢ {1, ..., K} are incentive-separable (at a feasible allocation x) if

{(x5, x5%) - U(x5(0), x55(0), 0) = U(x0(0), 0), V0 €@} ¢ T.

To paraphrase, consider a feasible allocation xy where decisions S are incentive-separable.
Suppose the allocation of goods S is altered for any type 0 in a way that keeps type 6’s
utility unchanged. Then, this new allocation satisfies incentive constraints.

Incentive separability is a joint property of preferences and incentive constraints. Intu-
itively, the altered allocation only keeps unchanged the agents’ utilities from their assigned
allocation. The agents’ utilities from deviations may change. Incentive separability ensures
that they do not increase sufficiently to make any deviations profitable.

We illustrate the concept with a few examples.

Example 1 (Voluntary participation). Suppose each 6 has an outside option U(6). Then,
ZT={x:U(x(0),0)>U(0), VoecO }. (1)

All decisions are incentive-separable: Any allocation that gives agents the same utility
profile as the initial feasible allocation also satisfies participation constraints.

Example 2 (Private information and weak separability). Suppose that decisions S ¢ {1, ..., K}
are weakly separable for all types: U(x(9), 8) = U(v(x5(0)), x~5(0), 0) for some subutility
function v : R®! > Rand T : RxRX¥ x@ - R, where T is strictly increasing in subu-
tility level v. Let 7 represent incentive-compatibility constraints when types are private
information:

7- { x:U(x(6), 0) > max U(x(6), 6), 0 €O } @)

Then, decisions S are incentive-separable (at any feasible x(). To see why, consider some
altered allocation x° of incentive-separable goods that keeps all agents indifferent. This
allocation must then preserve subutility levels given to every agent: v(x5(0)) = v(xg (0))
for all 8. Since the allocation of the remaining goods is unchanged, every agent’s utility
from every report is as before, and hence incentive compatibility is unaffected. Note the
role played by weak separability with a common subutility function—it ensures that alter-
ations to x° that preserve an agent’s utility from reporting her type 6 also preserve others’
utilities from reporting 6.

Incentive separability persists if each type 6 can only mimic types in some subset E(f) ¢

©. This can arise, for instance, if some dimensions of the type space are observable to



the planner, or agents need to provide some verifiable evidence to be eligible for certain

allocations.®

Example 3 (Moral hazard with adverse selection). An agent has a privately observed char-
acteristic T € 7 and takes an unobservable action a € A at a utility cost c(a, T). The action
determines the distribution of an observable state w ¢ ), which is given by u(w|a, 7).
After the state is realized, the agent consumes a vector of goods y € RX-! and receives a
state-contingent utility u(y,w). A possible interpretation is that an agent with privately
observed learning ability T chooses an unobserved human capital investment a that affects

her future earnings w.

Formally, we treat x = (y, a) as the allocation, and 6 = (7, w) as the type.® Define the type’s
payoff as

Uy, a, (7, w)) = u(y, w) - c(a, 7).

The incentive constraints ensure that the agent prefers to report her private characteris-
tic T truthfully and take the recommended action a(7) (taking “double deviations” into

account):

- { o [UEw), @), (5 w) duwla(®),7) >

!/ ! !/
Tlgﬁ);ﬂf U(y(t,w),d, (t,w))du(w|a’, T), VTeT } 3)

The consumption vector y is incentive-separable: S = {1, ..., K—1}. That is, consumption
choices are incentive-separable conditional on the realized state w.” However, consump-
tion need not be incentive-separable across states—perturbations of y that preserve agents’
expected utilities from their prescribed actions will not generally preserve incentive con-
straints. This is because altering how the same expected utility is spread across states w
under the prescribed action a may affect the expected payoff from deviating to a different
(hidden) action a’.

In some applications, it may be natural to let the set of incentive-separable decisions de-
pend on the type. We can accommodate that more general case at the cost of complicating

our notation.

5 A richer verifiable-evidence model, such as the one considered by Ben-Porath et al. (2019), could also be
captured at the cost of complicating notation.

®Qccasionally, we will abuse notation by using the same symbol for the allocation and the allocation rule.

"The “trick” of including the state in the type makes it possible to generate similar examples of incentive
separability in more complex environments.



Remark 1. Definition 1 can be extended verbatim to the case of type-dependent incentive-
separable decisions in the following way. For a function S : ® — 2{1-~K} that maps
types into subsets of {1, ..., K}, we let x5(0) = x5(9)(9) and x~5(0) = x~5)(9). The cor-
responding aggregate allocations x5 and xS are defined by x¢ = [ x4(6)Is(p)d0 and
XI;S = [ x5(0)kes (o) 40, respectively, for all k € {1,..., K}.

From now on, we abuse notation slightly by letting S denote a function from types to sub-
sets of decisions (rather then a fixed subset of decisions), noting that when S is constant in
type, the more general notation reduces to the one we considered so far (except for Remark
4 and Section 5, our results can be understood using the simpler baseline definition). We

illustrate the generalized notion of incentive separability with an example.

Example 4 (“Hierarchy of needs” preferences). We extend Example 2 with privately ob-
served types by allowing for additional preference heterogeneity; as a result, the set of
incentive-separable decisions becomes type-dependent and endogenous to the initial allo-

cation.

Take some subset of goods E ¢ {1, ..., K} and suppose that agents value goods E according
to a common subutility function v : IRESI — R as long as v(xF) is below a threshold v.
However, once v(xF) is above the threshold, agents can exhibit heterogeneous tastes over

these goods. Thus, the utility function can be written as

u EY, xE,0) ifv(xE)<
e, o) - |UEGEL X E0) o) <o “
Uy(x, 0), otherwise,

where Uy is strictly increasing in its first argument. Intuitively, the threshold v marks the
tulfillment of basic needs that are universal to all agents; once these are satisfied, agents
can exhibit individual, idiosyncratic tastes. We provide an economic application of such

preferences in Section 5. Incentive constraints are given by equation (2) from Example 2.

Decisions E are incentive-separable at an allocation x( for agents whose subutility under
xg is below v. That is, S(6) = E for 6 such that v(x5(6)) < v, and S(6) = @ otherwise.?

Our examples illustrate that the more potential deviations agents have, i.e., the tighter
the incentive constraints 7, the more stringent the requirements incentive separability im-

poses on agents’ preferences. With individual rationality alone, all decisions are incentive-

8Fix a feasible allocation xg. Perturb decisions E so that the new allocation (xE,xa EY leaves all agents
indifferent. Indifference implies that o(xE(6")) = v(x5(6")) for all 8’ with v(x5(0")) < v; thus, by mimicking
6’, 6 will obtain a payoff of U} (v(x(')5 (0"), x5 E(6"),6), exactly the same as before the perturbation. As a result,
incentive compatibility is preserved.



separable regardless of agents’ utility functions. In settings with private information, deci-
sions are incentive-separable if they are weakly separable. In moral-hazard settings, incen-

tive separability holds only conditionally on the realization of the observable state.

This list of examples is not exhaustive. Other potential applications include settings with
dynamic private information where successive elements of 6 are revealed to agents over
time, economies with aggregate shocks and state-dependent resource constraints, or com-

binations of Examples 1-4.

Preliminaries. Our analysis focuses on the properties of optimal mechanisms with re-
spect to incentive-separable goods. To derive these properties, we will take a feasible allo-
cation rule xp and “reoptimize” over the allocation of incentive-separable goods S, keeping
fixed the allocation of all other goods x;, as well as the original utility profile Uy,. We
define the payoffs of the agents and the planner from adjusting the allocation of incentive-
separable goods as

vg(x5(0)) := U(x5(0), x;5(0), 0), V0eO, (5)
R(x%) := W (Uy,, xS + x(‘)s), (6)

where the dependence on the objects we keep fixed has been suppressed for brevity, and
xS + x5 is the total aggregate allocation when the planner allocates incentive-separable

goods according to x5 (using notation introduced in Remark 1).

Fixing some initial feasible allocation xp, we make the following additional assumptions.
Each vy is locally nonsatiated; moreover, there exists an integrable function ¥(6) such
that vg(y) = ve(x§(6)) implies y < %(#). Finally, vg(x5(0)) > v(0). These assumptions
are milder than typically imposed in the literature. The first assumption is standard.
The second one is needed for technical reasons in a model with a continuum of agents:
It ensures that agents’ indifference curves over incentive-separable goods are properly
bounded, which implies that the admissible aggregate consumption set is closed—a prop-
erty we will need to prove that an optimal allocation exists.” The last assumption states
that the initial allocation gives each agent more utility than consuming nothing, which will
allow us to prove decentralization with positive prices even if some decisions are “bads”

for some agents.

9While the assumption may seem economically restrictive, it is not: Fixing an arbitrary compact set B c RK
of target consumption levels, any family {vg }gc@ of functions can be modified to satisfy this assumption while
staying unchanged on B. In particular, the assumption would be superfluous if we imposed an exogenous
bound on the amounts of goods that can be allocated to each agent.



3 Results

In this section, we assume that decisions S : @ — 2{1--K} are incentive-separable (see Def-
inition 1 and Remark 1). We make two simple observations (Lemma 1 and 2) that lead to
our main result—Theorem 1—predicting that it is optimal for the planner to allow agents
to make undistorted choices among incentive-separable goods, by purchasing them at (en-
dogenously derived) prices subject to budget constraints.

We begin with the definition of an S-undistorted allocation.

Definition 2. A feasible allocation rule xq is S-undistorted if x§ solves

max R(x5) subjectto vg(x5(6)) = vg(xg(Q)), VO € O. (7)

Conversely, a feasible allocation that does not solve problem (7) is called S-distorted. We
implicitly assumed that problem (7) has a solution, so that an S-undistorted allocation

exists—we later prove that this is indeed the case.

Intuitively, fixing x5, the allocation xS of incentive-separable goods S is undistorted if it
maximizes the planner’s objective subject to delivering the given utility profile. Impor-
tantly, problem (7) does not impose incentive constraints Z. Thus, an undistorted allo-
cation of S—goods is the first-best way (for the planner) to deliver the target utility from
consuming them. Note, however, that S-undistortedness does not imply that the alloca-
tion of S—goods is the same as in the first-best solution (i.e., in the absence of incentive
constraints). This is because the (fixed) target utility from consuming them may itself be
distorted.

We first observe that a mechanism that distorts incentive-separable decisions can be im-
proved upon.

Lemma 1 (Optimality). If xq is S-distorted, then it can be improved upon in terms of the planner’s
objective (W).

Proof. Fix a feasible x( that is S-distorted. By definition, there exists x. = (x¢, an ) that
leaves all types’ utilities unchanged and yields R(x$) > R(x¢®). By incentive separability,
the first property implies that x, € Z, and hence x. is feasible. The second property implies
that x, achieves higher objective (W) than xj. O

By Lemma 1, the planner can restrict attention to S-undistorted allocations: If an allocation
features any distortions between S-goods, it can be replaced by a superior allocation that

removes these distortions.
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Even though S-undistortedness is defined with respect to a fixed profile of agents” utilities,
it is tightly linked to Pareto efficiency.

Remark 2 (S-undistortedness implies conditional Pareto efficiency). Suppose that R is
strictly decreasing. If x is S-undistorted, then there does not exist an alternative allocation
xS of incentive-separable goods that results in the same aggregate allocation (x° = x5) and

makes a positive mass of agents strictly better off without making any agent worse off.

The implication is intuitive. Suppose that, as in Remark 2, the planner benefits strictly
from saving resources. If agents’ utilities could be increased, the planner would be able
to “reclaim” the resulting surplus by scaling agents” allocations down to guarantee their
initial utilities, and pocketing the left-overs. This would contradict S-undistortedness. (We
formalize this argument in Claim 1 in Appendix A.) Hence, conditional on fixing the ag-
gregate allocation of incentive-separable goods, the planner would never want to assign
them to agents inefficiently.

This motivates our second observation, which is that, under certain conditions, S—undistorted
allocations can be decentralized. We first formalize the notion of decentralization and pro-

vide a necessary and sufficient condition under which decentralization is possible.

Definition 3. An allocation xS can be decentralized (with prices A € RK,) if there exists a budget
assignment m : @ — R, such that, for all 6 € ®, x°(0) solves

max vg(y) subjectto AS®) .y <m(h), (8)
yeRY

where we let AS®) = (A;);. 5(0)- When prices A decentralize an S—undistorted allocation, we refer
to them as S—undistorted.

Lemma 2 (Decentralization). Fix a feasible allocation xq and a price vector A € RX,. Then, xg
can be decentralized with prices A if and only if xq is regular with prices A, that is, x§ solves

min A-xS  subject to vg(x5(0)) = ve(x§(6)), VO €O, )

X

Proof. The minimization problem (9) can be solved pointwise in 6, and thus is equivalent
to solving, for all 6 € ®,

min ASO) . xS(0)  subjectto vg(x5(0)) = (x5 (0)). (10)
xS(@)def(G)l

For each 6, problem (10) is an expenditure minimization problem. Therefore, by consumer
duality (Proposition 3.E.1 in Mass-Colell et al., 1995), problem (10) is equivalent to a utility

11



maximization problem given some budget m(6), that is, problem (8).1° Thus, x is regular
if and only if x§ can be decentralized. O

Lemma 2 shows that an allocation can be decentralized if and only if it minimizes some lin-
ear objective function (with strictly positive coefficients) subject to keeping the agents” util-
ities constant—a property we call “"regularity.” Regularity differs from S-undistortedness
in that the defining optimization problem for the former features a linear objective. Thus,
if the planner’s objective R is linear—as in our first two applications, including the original
Atkinson-Stiglitz setting—regularity holds trivially, and S-undistorted allocations can be
decentralized.

We derive our main result by observing that a much weaker condition on R suffices for
regularity. We say that a function f : RK - R has bounded marginals if there exist constants
¢ >c¢>0such that, forally e RK, ke {1,..., K},and € > 0

. |f(y+ee;€{)—f(y)| - (11)

where e is a standard unit vector (equal to 1 at the k-th coordinate and equal to zero else-
where). When applied to R, the definition of bounded marginals states that the planner’s
marginal benefit from freeing any resource is bounded away from zero (and infinity).

Theorem 1. Let decisions S be incentive-separable and suppose that R has bounded marginals.
Starting at any feasible allocation x, the planner’s objective can be improved by allowing agents to
purchase incentive-separable goods at S—undistorted prices subject to type-dependent budgets (with
the improvement being strict if xq is S-distorted).

The proof is relegated to Appendix A. Theorem 1 predicts that it is optimal to let agents
trade incentive-separable goods freely given S-undistorted prices and type-dependent bud-
gets. In particular, the planner should always implement an allocation in which agents’
choices among incentive-separable goods S are undistorted. We will show in applications
that S-undistorted prices must be proportional to marginal costs in settings with produc-

tion.

In light of Remark 2, Theorem 1 can be seen as a second welfare theorem for the “incentive-
separable” part of our economy. Our proof is standard in that it attempts to separate the
solution to problem (7) (which we show exists) from a properly defined set of admissible al-
locations by a hyperplane. The separating hyperplane defines the prices that verify the reg-

10Formally, Proposition 3.E.1 in Mass-Colell et al. (1995) does not cover the case when x° () = 0 but in this
case the equivalence holds trivially by assigning a zero budget.
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ularity condition (9) in Lemma 2. While our setting with a continuum of agents automat-
ically gives us convexity assumptions required for separation (see Aumann, 1966),!! the
main technical challenge is to ensure that the separating hyperplane is properly bounded,
so that the corresponding prices are strictly positive. The requirement of strictly positive
prices in Lemma 2 is vital. When only a weaker notion of regularity with non-negative
prices is satisfied, the allocation of incentive-separable goods can be decentralized only for

agents with strictly positive expenditures on these goods.!?

The novel part of the proof of Theorem 1 is to argue that when the objective R has bounded
marginals, the aggregate allocation selected by the planner can indeed be decentralized
with strictly positive prices.!3 For intuition, suppose that, at some candidate allocation
xS, all separating hyperplanes were horizontal in some direction. Then, there would exist
some good k with a zero price, and thus a reduction in the aggregate consumption of good
k would require only a slight compensation in the aggregate consumption of other goods
to keep all agents indifferent. That, however, would contradict x5 being selected by the
planner: When the planner has a bounded rate of substitution between any two goods
(which is implied by bounded marginals of R), she would strictly prefer to reduce the
aggregate consumption of good k.

Remark 3. An alternative strategy to proving Theorem 1 that avoids making any additional
assumptions on R is to ensure that prices are strictly positive in any equilibrium, that is,
regardless of which aggregate allocation is chosen by the planner. This, however, requires
imposing additional restrictions on agents” preferences. For example, as we demonstrate
in Claim 2 in Appendix A, it suffices to assume that all vy(x®) have (uniformly) bounded

marginals.

It is important to note that—in contrast to the classical second welfare theorem—Theorem 1
is a partial decentralization result, in that it only applies to incentive-separable goods. The
planner may be using some complicated mechanism to allocate non-incentive-separable
goods and type-dependent budgets (which our results are silent about). However, condi-
tional on allocating these budgets to agents, the rest of the mechanism is pinned down by
letting agents trade incentive-separable goods freely at S-undistorted prices.

With finitely many agents, our results would hold under additional convexity assumptions on prefer-
ences.

121t is well known that the second welfare theorem may fail when some prices are zero and there are
consumers with zero total expenditure at the optimal solution; in such cases, it is only possible to support a
quasi-equilibrium (see, for example, Proposition 16.D.3 in Mass-Colell et al., 1995). In the context of Lemma 2,
this corresponds to the failure of consumer duality.

13In their analysis of weak separability, Gauthier and Laroque (2009) rely on the second welfare theorem
directly to implement a Pareto-efficient allocation of weakly-separable goods. While our proof strategy is
similar, our argument for existence of strictly positive prices does not have a parallel in their analysis.
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3.1 Additional constraints

To highlight the key intuitions, in Definition 1 of incentive separability we assumed that
any perturbation of incentive-separable decisions is permitted. More generally, we can

define decisions S to be incentive-separable on some subset of allocations F:
{(x%, x5%) e F: U(x5(0), x;5(0), 0) = U(x0(0), 0), Y0 € O} ¢ T.

This generalized definition is useful when the planner faces a constraint of the form x € F
in the original problem of maximizing welfare (W). For example, in Section 6, we study a
version of the model in which the planner faces technological constraints, and thus only a

subset of possible aggregate allocations x° of incentive-separable goods is relevant.

To accommodate this extension, we can redefine S-undistorted allocations by adding the
constraint (x°, xas ) € F to problem (7). Lemma 1 continues to hold (with the same proof),
and implies that the planner should always use an allocation that is S-undistorted (on F).
Lemma 2, on the other hand, continues to hold without any modification: Decentraliza-
tion is possible if and only if the target allocation minimizes a linear objective subject to
delivering the target utility profile.'* Thus, an S-undistorted allocation on F can be de-
centralized only if the constraint (xS, xas ) € F can be subsumed by choosing appropriate
prices A. Intuitively, this is possible when F only includes constraints on the aggregate
allocation. In Section 6, we formalize this observation by providing sufficient conditions
for decentralizing an S-undistorted allocation subject to aggregate constraints.

The extension can be useful even if the planner does not face an additional constraint in

the original problem, as the following remark illustrates.

Remark 4 (No distortion at the top). Consider a standard one-dimensional screening prob-
lem in which types and allocations are ordered by the single-crossing condition, and the
planner can use monetary transfers. Take any feasible allocation x( that features under-
provision of the non-monetary good (relative to first-best). Define F to be the set of alloca-
tions in which the non-monetary allocation is pointwise (weakly) higher than in x(. Then,
all decisions are incentive-separable for the highest type (by the single-crossing assump-
tion).!1> Therefore, by Lemma 1, the highest type’s allocation should be undistorted in the

optimal mechanism—implying a version of the famous “no distortion at the top” result.

Moreover, for the right choice of the constraint set F, incentive separability may also be

141t would be tempting to modify Lemma 2 by adding the constraint (x5, x;°) € F to problem (9). How-
ever, this modification would make Lemma 2 false.
>Here, we rely on the generalized definition of incentive separability from Remark 1.
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used to pin down the structure of optimal distortions. For instance, dynamic agency mod-
els involve optimal intertemporal consumption distortions described by the inverse Euler
equation, which determines optimal savings taxes (Diamond and Mirrlees, 1978; Roger-
son, 1985; Golosov et al., 2003). In Appendix A.6, we show how the concept of incentive
separability can be used to derive the inverse Euler equation for a simple dynamic model
that extends Example 3.

4 Atkinson-Stiglitz Theorem

In this section, we apply Theorem 1 to generalize the Atkinson-Stiglitz theorem. We as-
sume that the planner’s payoff from providing incentive-separable goods is linear, that is,
R(x%) = -A-xS +const, A € RX,. A natural interpretation is that A represents constant
marginal costs of producing incentive-separable goods and that the planner wants to min-
imize production costs (for a given utility profile).

This setup nests the original model of Atkinson and Stiglitz (1976) as a special case. To see
that, let 0 be the agent’s privately observed ability which determines her cost of supplying
labor. Let L € R, represent labor in efficiency units. An agent consumes goods y € RX-1
and receives payoff U(v(y), L, #), that is, the consumption of goods is weakly separable
from type and labor supply. Let x = (y, L) : © — RX denote the allocation rule. All goods
are produced using labor as the sole input with constant marginal costs Ay > 0 for k =
1,...,K-1. Hence, the tax revenue is equal to the aggregate labor supply net of the aggregate
production cost. The planner’s objective depends both on individual utilities and on the tax
revenue, with & > 0 representing the marginal value of public funds. Thus, the planner’s

objective can be written as

K-1
W(Uy, x) = V(Uy) +a(L - Z AkYk)-
k=1
Note that in the model of Atkinson and Stiglitz (1976) all commodities are incentive-separable
for all types, S = {1, ..., K- 1}, by Example 2. Moreover, holding fixed the utility profile,
the planner’s objective is linear in commodities (up to a constant): R(xS) = —a 5" Ayyy,

as assumed.

Theorem 1 implies the following result.

Corollary 1. (Atkinson-Stiglitz) Consider a feasible allocation xy. The planner’s objective can be
(weakly) improved by allowing agents to purchase incentive-separable goods at prices proportional
to marginal costs subject to type-dependent budgets.
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Note that, as long as an S-undistorted allocation exists, Corollary 1 follows from Lemma 1
and 2 alone, giving a particularly short proof of the Atkinson-Stiglitz result.

Let us describe Corollary 1 in terms of tax systems, which was the original focus of Atkin-
son and Stiglitz (1976). Suppose that the relative consumption of incentive-separable com-
modities was initially distorted, e.g., by differentiated commodity taxes. The planner can
then generate more revenue without affecting individual utilities by (i) removing taxes
from the incentive-separable goods, which ensures that they are traded at undistorted
prices equal to marginal costs, and (ii) implementing type-dependent budgets to be spent
on incentive-separable goods. The second step can be done either by adjusting (potentially
nonlinearly) taxes on non-separable goods or, equivalently, by introducing a tax on total

expenditure on incentive-separable goods.

Corollary 1 is significantly more general than the original Atkinson-Stiglitz theorem and its
subsequent extensions (Laroque, 2005; Kaplow, 2006; Gauthier and Laroque, 2009) along a
few dimensions. First, we demonstrate that any distortion to the relative consumption of
incentive-separable goods—including but not limited to indirect taxation—is suboptimal.
For example, it is not optimal to have public provision of incentive-separable goods, or to

use a rationing mechanism as in Dworczak (@) al. (2021).

Second, it is conventional wisdom that Atkinson-Stiglitz theorem is applicable only when
the planner can use a nonlinear income tax, i.e., when individual earnings (or labor in effi-
ciency units) are observable. In contrast, we show that observability of earnings is neither
necessary nor sufficient for this result in a more general model. Instead, what is required
is the observability of individuals’ total expenditure on incentive-separable goods, since it
allows the planner to implement type-dependent budgets for these goods. For instance,
suppose that agents can conceal some of their earnings, either by engaging in informal
employment or by underreporting business income. Even though earnings are not fully
observable, by Corollary 1, the relative consumption of incentive-separable goods should
be undistorted as long as the government observes individuals’ total expenditures on these
goods.

Finally, we show that the Atkinson-Stiglitz theorem is not specific to the standard tax-
ation model with privately-observed types and weak separability between labor supply
and commodities. On the contrary: It holds in any environment (with constant marginal
costs) with respect to decisions that are incentive-separable. It can be applied in models
featuring, for instance, stochastic states (idiosyncratic or aggregate), hidden actions, veri-
fiable information, or dynamic private information.'® For a concrete example, consider a

16 Applicability of the Atkinson-Stiglitz theorem to some of these environments has been already noted:
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combination of Examples 2 and 3, where agents with private abilities choose (i) an unob-
served effort (e.g., in education) that affects their subsequent productivity distribution and
(ii) labor supply and consumption of various goods conditional on the realized (private)
productivity. Such a model features both private information and moral hazard, and com-
bines the redistributive (Mirrlees, 1971) and the social insurance (Varian, 1980) strands of
income taxation literature. By Corollary 1, taxes on incentive-separable goods (here: goods

that are weakly separable from labor, productivity, and effort) are superfluous.

5 Food Vouchers

In this section, we use our results to study the optimality of offering food vouchers. Set-
ting aside reasons related to paternalism and consumption externalities, the literature (as
surveyed in Currie and Gahvari, 2008) emphasized the role of in-kind transfers in relax-
ing incentive constraints (e.g., Nichols and Zeckhauser, 1982). For example, if the rich
do not want to consume certain low-quality goods, providing them for free can work as an
incentive-compatible way of making targeted transfers to the needy. This rationale requires
that preferences over those goods not be weakly separable. In contrast, we emphasize the
role of food voucher programs in removing distortions in consumption of individual food

items when food purchases of the poor are incentive-separable.'”

Jensen and Miller (2010) observe that poorer individuals tend to make food choices based
on nutritional value, while richer individuals pay more attention to quality and taste. We
use the “hierarchy of needs” preferences from Example 4 to model this observation. Let
E c {1,.., K} be the set of food items and let v(xF) be a (common to all agents) function
measuring the nutritional value of bundle x£. Idiosyncratic tastes affect food choices only

once a nutritional threshold v is met. Thus, an agent’s utility is given by

u EN, x7E,0) ifov(xE)<
e, gy - |UEGEL X E0) o) <o )
Uy(x, 0), otherwise.

Uy is strictly increasing in its first argument; x~F represents all other decisions (such as
labor supply and other consumption choices). We assume type 6 is private and consider 7
to be the set of incentive-compatible allocations. Finally, we assume that food items in E

see Da Costa and Werning (2002) for pure moral hazard and Golosov et al. (2003) for dynamic private infor-
mation.

7These two perspectives are not mutually exclusive. Indeed, in our framework, the total food consump-
tion is not assumed to be weakly separable from other decisions, so it may be distorted for the reasons Nichols
and Zeckhauser (1982) and others identfied.

17



are produced with constant marginal costs A € lR'ﬂ, and that the planner, conditional on a
given utility profile, minimizes the costs of production (which is equivalent to tax revenue

maximization, as explained in Section 4).

By Example 4 (“hierarchy of needs” preferences), food items E are incentive-separable at
any allocation xg for types 6 for which v(x§ (0)) < v. Then, Theorem 1 implies the following:

Corollary 2 (Food vouchers). Consider a feasible allocation xo. The planner’s objective can be
(weakly) improved by assigning budgets to all agents with 6 such that v(xE(0)) < v, and letting
them spend these budgets on food items E (but not other goods) priced at marginal costs.

Intuitively, under the initial allocation xp, agents are separated into two groups, depending
on whether the nutritional value of their food consumption is below or above v. The first
group (which we interpret as the poor) have weakly separable preferences between basic
food items and other decisions. The second group (which we interpret as the rich) can have
arbitrary, potentially heterogeneous preferences. Saez (2002) showed that preference het-
erogeneity can lead to optimality of consumption distortions (e.g., via commodity taxes).!8
Thus, the planner can benefit from distorting food consumption of the rich, but not of the
poor. She can achieve that by implementing distortionary taxes on food while isolating
the poor from these distortions by offering budgets allowing for tax-free purchases, which
we interpret as food vouchers. This rationale is in line with the structure of existing food
vouchers programs. For example, in the US, SNAP offers food stamps to poor households
(with, likely, poor nutrition), and exempts purchases made with food stamps from state

and local consumption taxes.

Our analysis provides further prescriptions for the design of a food vouchers program. For
instance, eligibility for SNAP is to a large extent contingent on employment, presumably to
motivate job search effort.! It is natural to ask whether this is optimal. We can incorporate
unobservable job search effort into our setting, similarly to Example 3. Each agent privately
chooses job search intensity that determines a distribution over the state—her employment
status. We assume that, conditional on the realized employment status, preferences over
food consumption have the structure assumed in (12). By Example 3, Corollary 2 applies
conditional on every state realization. Hence, distorting food consumption for agents be-

low the nutritional threshold v is suboptimal regardless of whether they are employed or

8Gauthier and Henriet (2018) constructed a tractable model of taste heterogeneity in which optimal com-
modity taxes are partly shaped by a version of the many-person Ramsey rule.

YA non-disabled adult without children who is less than half-time employed can be eligible for food
stamps for a maximum of 3 months every 3 years. However, work requirements are regularly waived by
states with high unemployment (Ganong and Liebman, 2018) suggesting that their purpose is to motivate
job search effort (since effort is less useful when the labor market is slack).
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unemployed, and therefore should not be used as an incentive tool.?
6 Atkinson-Stiglitz meet Diamond-Mirrlees

We now apply our methods to production economies with a potentially complex input-
output structure. We also show how to include additional constraints into the planner’s

problem on top of incentive constraints.

There are | € N firms; z/ ¢ RK denotes firm j’s production vector. Negative entries stand
for inputs and positive for outputs. Each firm is equipped with a production technology
Zi ¢ RK which allows for free disposal and inaction. A production vector z/ is available
to firm j if z/ € Z/. We will denote a production plan for all firms by z = (z1,...,z/) and the
corresponding aggregate production vector by z = 2]121 Zl. Letting Z denote the Minkowski
sum of Zi for je {1,...,]}, the aggregate production z is technologically possible if z € Z.?!

Let (x,z) denote the overall allocation of consumption and production in this economy. An
allocation (x,z) is feasible if it satisfies incentive constraints x € Z, the production plan is
technologically possible: z € Z, and aggregate consumption does not exceed aggregate out-
put: z > x. The planner chooses a feasible allocation to maximize the objective W(Uy, z - x),
which is weakly increasing in z — x. The vector z - x, representing the “leftover” resources
for the planner, can be interpreted as purchases of goods by the planner (financed, e.g.,
through tax revenue). Following Diamond and Mirrlees (1971), we will say that a feasible
production plan z is efficient if there does not exist an aggregate production vector z € Z

such that z > zg and z # z,.

By assumption, the production plan z affects neither individual utilities nor incentive con-
straints. Thus, it is trivially incentive-separable, implying the following result:??

Corollary 3. For any feasible allocation, the planner’s objective can be (weakly) improved by choos-
ing an S-undistorted allocation of incentive-separable goods and an efficient production plan.

Corollary 3 merges the Atkinson-Stiglitz theorem with the Diamond-Mirrlees production
efficiency result: It is welfare-improving to jointly remove distortions to consumption of

incentive-separable goods and to production of all goods.

20Note, however, that this concerns eligibility for food stamps, i.e., the extensive margin. Policymakers could
still provide incentives by varying the allocation of food vouchers on the intensive margin. Our framework
remains silent about such adjustments—these should be made based on considerations related to relaxing
incentive constraints, as in Nichols and Zeckhauser (1982).

ZlWe can accommodate an aggregate endowment vector q > 0 by including a fictitious firm with a produc-
tion set containing only q.

22Formally, to apply our results from Section 3, we can represent the production plan as a function of 8 and
include it in the allocation rule x. Because z enters neither agents’ utilities nor incentive constraints, it can be
included in the set of incentive-separable decisions.
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Diamond and Mirrlees (1971) and Stiglitz and Dasgupta (1971) proved production effi-
ciency at the optimum, assuming that agents with private types are taxed with linear con-
sumption taxes. Hammond (2000) showed that there are welfare gains from implementing
production efficiency also away from the full optimum. Gauthier and Laroque (2009) as-
serted (without proof) that a result analogous to Corollary 3 holds in their framework.
Relative to these papers, we show that implementing production efficiency is desirable un-
der general incentive constrains and when the planner can rely on arbitrary mechanisms

(including nonlinear taxes or rationing systems).

Importantly, Corollary 3 requires that production decisions of firms do not affect incen-
tive constraints. Otherwise, the planner could potentially relax incentive constraints by
introducing production distortions. Naito (1999) studies such a motive in a model where
labor supply of different types is not perfectly substitutable in production but cannot be
distinguished by the planner.?3

Our next result concerns decentralizing S-undistorted allocations in production economies.
The main technical difficulty is ensuring that S-undistorted allocations exist and are regu-
lar in the presence of aggregate constraints. As we show in Lemma 3 in Appendix A, this

can be guaranteed under the following assumption:

Assumption 1. The aggregate production set Z is closed, bounded from above and convex. Fur-
thermore, for any zg € Z and any nonempty proper subset A c {1,...,K}, there exists z € Z such

that zA < zg‘, z7 4> z(‘)A and z=4 # z(‘)A.

Once the existence of regular and S-undistorted allocations is ensured, the main result of
this section follows easily from Lemma 2 and Corollary 3 (see Appendix A for details).

Theorem 2 (Atkinson-Stiglitz meet Diamond-Mirrlees). Suppose Assumption 1 holds. For
any feasible allocation, there exists a price vector A € RX, and a budget assignment m : @ — R,
such that the planner’s objective can be (weakly) improved by simultaneously: (i) allowing agents
to purchase incentive-separable goods at prices A subject to type-dependent budgets m, and (ii)
allowing firms to maximize profits and trade all goods taking prices A as given, and taxing their

profits lump-sum.

23Naito (1999) considers an economy with two types of workers: high-skilled and low-skilled. The planner
does not observe skill types and taxes earnings of all workers with the same tax schedule. The incentive
constraint that prevents redistribution to low-skilled workers thus depends on their relative wage rate. The
relative wage rate depends on the production decisions of firms because labor of different skill types is imper-
fectly substitutable. Hence, the planner may benefit from distorting the production decisions: By overhiring
low-skilled workers in the public sector, she inflates their wage rate, which relaxes the incentive constraint
and allows for more redistribution. In our mechanism-design framework, restrictions on tax instruments
due to some decisions being unobservable correspond to obedience constraints in the set Z. In Naito’s setup,
however, such restrictions depend on wages, and through them on the production plan z. This in turn makes
the set Z depend on production z, breaking incentive separability of production decisions.
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By Theorem 2, a welfare-improving reform involves implementing a competitive outcome
in the consumption of incentive-separable goods and in the entire production sector by
allowing agents and firms to trade goods while taking prices as given. Thus, it is beneficial
to jointly remove any distortionary taxes levied on incentive-separable goods or on firm
transactions. In the proof of Theorem 2, type-dependent budgets are chosen in a way that
preserves agents’ utilities from the initial allocation—this means that a welfare-improving
reform may require an adjustment of taxes on non-incentive-separable goods to provide
appropriate budgets to be spent on incentive-separable goods.

Importantly, removing consumption distortions in incentive-separable goods without ad-
dressing production distortions (or vice versa) could fail to improve welfare. To see why,
suppose there is a consumption tax on some incentive-separable commodity and an output
subsidy on the same good. If the tax and the subsidy are of similar magnitude, they mostly
offset each other, resulting in a small overall distortion. However, removing the consump-
tion tax alone breaks that balance, increasing distortions. Intuitively, allowing consumers
to buy incentive-separable goods at producer prices may fail to improve welfare if pro-

ducer prices are distorted.

Recall that in Theorem 1 we proved existence of strictly positive prices under the assump-
tion that rates of substitutions between any two goods are nondegenerate (as implied by
the preferences of the planner, or the preferences of the agents, by Remark 3). By anal-
ogy, Theorem 2 guarantees strictly positive prices by assuming a nondegenerate rate of
transformation between goods (which is the most restrictive part of Assumption 1). These
alternative assumptions can be useful in different settings: For example, by assuming a
nondegenerate rate of substitution we can accommodate the case of a fixed supply of goods
(which violates Assumption 1).

Remark 5. Suppose that the aggregate supply of goods is fixed at Z € RX, meaning that the
aggregate production set is given by Z = {z € RK : z < z}, and that v4(xS) has bounded
marginals for all 0 € ® (with bounds that are uniform across 6). Then, the conclusion of

Theorem 2 holds (the proof can be found in Appendix A).

7 Concluding Remarks

In this paper, we relied on a mechanism-design approach to identify a simple but pow-
erful principle underlying many classical results in public finance, including the seminal
Diamond-Mirrlees and Atkinson-Stiglitz theorems. That principle is based on the obser-

vation that in many complex environments—indeed, often too complex to characterize
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the optimal mechanism in its entirety—some non-trivial set of decisions may be incentive-
separable. There should be no distortions between incentive-separable decisions, and hence
their choices can often be delegated to agents maximizing private utility given prices and
budgets. Apart from extending and unifying the classical results, we presented a novel
application to optimal design of food vouchers programs.

While we focused on public-finance applications throughout, neither our formal model nor
our proofs are tailored towards them. There are other (notoriously difficult) problems with
multidimensional types and allocations where the analysis of incentive-separable decisions
could cast light on some features of the optimal mechanism. We leave this direction for
future research.?*
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A Proofs and additional results

A.1 Proof of Remark 2

Definition 4. A feasible allocation xg is conditionally Pareto efficient if there is no allocation of
incentive-separable goods xS that uses the same aggregate resources: x5 = x5, leaves no agent worse
off, and strictly improves the utilities of a positive measure of agents (while keeping the allocation of
non-incentive-separable goods fixed at x;%).
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Claim 1. Suppose the planner’s objective R is strictly decreasing. If an allocation is S-undistorted,
then it is conditionally Pareto efficient.

Proof. First, note the following fact. Suppose an agent’s utility at x5(0) is strictly greater
than at x5 (6): ve(x5(6)) > v(x5(6)) > vg(0). Then, starting from x°(6), we can reduce
the agent’s payoff to that at x5 (6) by reducing her consumption of all goods. To that end,
consider an allocation ¥4(0) = axS(0), where a is a scalar. By continuity of vy, there is
a € [0,1) such that v(¥5(0)) = v(x§(6)).

Take an allocation xp and suppose that it is not conditionally Pareto efficient. Then, there
exists x that uses the same aggregate resources where a positive mass of agents is strictly
better off and no agent is worse off. By the fact shown above, we can scale agents utilities
down to the initial levels while reducing the aggregate allocation of at least some goods. As

a result, the planner’s objective R strictly increases. Therefore, xj is not S-undistorted. [

A.2 Proof of Theorem 1

We begin by constructing the set X¢ which will be useful throughout. For every 6 € O,

define
x5 = {y e RV 0y(y) = 095 (9))},
X8 = {x%eRK: x5(0) e X7, VO € O}.

Set XS contains aggregate vectors of incentive-separable goods which can be distributed
among agents to keep their utility fixed at the initial level, without any resources to spare.

By Theorem 1 of Aumann (1965), X® is convex. Because each vy is continuous, X(f is closed.
We assumed that there exists an integrable function %(6) such that vy(y) = vg(xg (6)) im-
plies y < %(6). As a result, Theorem 4 of Aumann (1965) implies that X® is compact.

We now show that an S-undistorted allocation exists. An allocation rule x( is S-undistorted
if x5 solves
max R(x®) subjectto vp(x5(0)) = vg(x5(0)), VO €®. (13)
X

Using the above construction, this problem can be rewritten as:

max R(x%). (14)

xSeXxXS

Set XS is compact and non-empty (it contains x§), and R is continuous and non-increasing.
Therefore, there exists a solution to (14), denoted by x¢, that lies on the lower boundary of

XS, meaning that there is no x® € XS\ {x¢'} such that x5 < x5. Notice that, despite changing
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the choice variable, the aggregate vector x¢ has a corresponding allocation x¢ that solves
(13). Hence, x, = (x$,x;) is S-undistorted.

We show that this x, is regular. To this end, we construct the set 7. and separate it from
XS with a hyperplane, which will define the coefficients A from (9).

Let e, € RK be a vector equal to one at coordinate k and equal to zero at all other coordi-
nates. Similarly, let e_; = 1 - e be a vector equal to zero at coordinate k and equal to one at
all other coordinates. For any € > 0, define

Fe:={y e RX: there exists k € {1,...,K} and & > 0 such that y <« x5 — aej + xee_;}.

In particular, Fy is the set of all aggregate allocations strictly lower than x$: Fy = {y ¢ RK:
y < x$ }. For € > 0, 7 additionally contains aggregate allocations that are obtained from x¢
by decreasing one of its coordinates by «, and increasing all other coordinates by at most
ne.

We claim that if € > 0 is small enough, then F. n X S = @. Since R has bounded marginals,
there exist bounds ¢ > ¢ > 0 satisfying definition (11). Fix any € > 0 satisfying € < ¢/(¢(K -
1)). Take any x° € F¢; by definition of F, there exist k € {1,...,K} and « > 0 such that x® «
x$ — ey + aee_. Then, using the fact that R is nonincreasing and has bounded marginals,
we obtain

R(x%) -R(x%) = R(x$ - wey + ace_) - R(xF)

= [R(x? -~ wey) — R(x7)] - [R(x? —wey) — R(x] — ey +aee )]

2cn <¢(K-1)ae

>a(c—(K-1)ce) > 0.

Thus, R(xS) > R(x$). Since x§ solves (14), it must be the case that x5 ¢ X'S. Therefore,
FenXS=g.
We have established that F. and XS are disjoint convex sets. Therefore, there exists a

hyperplane with coefficients A ¢ RK\{0} that separates them at x¢:

VxS eX®, A-xS<A-xS, (15)
VxS eF., A-xS>A-xS. (16)

Since F extends downwards in every direction, it must be that A > 0. Moreover, we will

show that A > 0. Suppose Ay = 0 for some k € {1, ..., K}. Since A # 0, there is some good I # k
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such that A; > 0. Take any scalars a,b > 0 defining a point x¢ — aey + be_ € Fe. But then,
A (xS —aeg+be_y) =A- (x5 +be_y) >A-xS,

which contradicts (16).

Recall that the aggregate vector x¢ had a corresponding allocation x¢. By (15), it solves:

misn A-x%  subjectto vs(x°(0)) = vg(xg(e)), Vhe®, (17)

X

where A > 0. Hence, x, = (x5, x(‘)S ) is regular. By Lemma 2, x¢ can be decentralized

with prices A. Since (x¢, ;%) is S-undistorted, by Lemma 1, it improves upon the original

allocation x( (with the improvement being strict if x( is S-distorted).

A.3 Proof of Remark 3

Claim 2. The conclusion of Theorem 1 remains true if we replace the assumption that R has bounded
marginals with the assumption that vy has bounded marginals for all 6 € © (with bounds that are

uniform across 6).

Proof. The assumption of R having bounded marginals is used in the proof of Theorem 1
only to show that sets XS and F (defined therein) are disjoint for some € > 0. We show

that this remains true if vy has uniformly bounded marginals.

Denote the bounds from Definition (11) by ¢, > ¢, > 0. Take an agent with type 6 and an al-

location of incentive separable decisions x ¢ ]RL:S(G)'. Notice that, for any k = {1, ...,|S(0)|},

S
Kk’

tion of other decisions fixed).?® In the former case, we will say that k is a good for this agent,

her utility is either strictly increasing in x¢, or strictly decreasing in x¢ (keeping her alloca-
in the latter, we will say that it is a bad (with the understanding that whether k is a good or
a bad may depend on the agent’s allocation of other goods).

Recall that we consider an aggregate vector x$ on the lower boundary of X, meaning that
there is no x° € XS\{x$} such that x5 < x¢. Further recall that there exists an allocation
xS (corresponding to x5) that specifies the assignment of incentive-separable decisions to
types. We first show that the mass of agents receiving bads under x¢ is zero.

Suppose otherwise, and denote by ¥° an alternative allocation of incentive-separable de-

cisions which differs from x¢ only in the following way: for each agent who receives

PSuppose otherwise; then by the continuity of vy there exists € > 0 such that vy(xS + eey) = vg(xS). But
then [vg (xS +eey) - vg(x°)| = 0 < ec,, violating bounded marginals.
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any bads under x¢, her allocation of one of these bads is now reduced to zero. Then
vg(X5(0)) > vg(x$(0)) > vg(0) for all 6, with the left-most inequality strict for a positive
mass of agents. By continuity of vy, for any type 6, we can find a scalar ay € [0, 1] such that
%9(0) = apx®(0) and vy(¥5(0)) = ve(x$()). Thus, X € X°. Note that agy < 1 for agents who
previously received bads, and that there is a positive mass of such agents. Hence, xS < x$

and %S # x$, contradicting x$ being at the lower boundary of X'S.

We now show that F. and X< are disjoint for small enough €. Fix a positive € such that
€ <¢,/(Co(K-1)). Consider a type § for whom decision k € {1, ..., [S(0)|} is a good, x% () >
0, and who receives no bads under x¢. Consider an alternative allocation for this type,
denoted by ¥5(6), where her assignment of k is decreased by a > 0 and her assignment of
other incentive-separable decisions is increased in total by at most ae(K - 1).2° By bounded

marginals of vy, the agent is strictly worse off under x5(6):

v(2°(6)) ~vp(x4(6)) = [09(25(8)) — vp(x7(8) — wex)] — [vg (2 (8)) ~va(xT () — wey)]
<Cy(K-1)ae 20,0

<wa(cy(K-1)e-c,) <0.

Thus, if we take a of good k from type 6 but want to keep her indifferent, we need to
increase her other incentive-separable decisions by more than (K - 1)we in total. This holds
for every agent whose allocation of that good is positive and who receives no bads. As
noted above, the mass of agents who receive bads under x¢ is zero. Hence, if for any
ke{1,..., K} we decrease xfk by a, we must increase the sum of the aggregate allocations of
other incentive-separable decisions by more than (K - 1)ae for the allocation to remain in
XS. In particular, the aggregate allocation of some decision ! # k needs to increase by more
than «e.

Suppose there is some x5 € F. n X'S. By definition of F, there exist k € {1,.., K} and a > 0

such that x5 « x§ — ae + ace_r. However, since x° € XS, it follows from the argument

above that there is a good | # k such that xf > xfl +we, which leads to a contradiction. [

A.4 Proof of Theorem 2

First, we state and prove a useful technical lemma.

Lemma 3. Consider the setting of Section 6 and suppose Assumption 1 holds. For any feasible
allocation (xo,z0) there exists a feasible allocation (x.,z.) where x, = (x$,x,5) is S—undistorted,

%6Formally, ¥5(0) = x5 (0) — aey + aed_;, where &_; ¢ 1R|+S(9)| is some non-negative vector that is equal to
zero at coordinate k and sums up to (at most) K-1: 3, &_;; < K-1.
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reqular and satisfies vg(x$(0)) = Ug(xg(ﬁ))for all 8 € ©, and z, is an efficient production plan.

Proof. In the proof of Theorem 1 we defined the set X that contains the aggregate allo-
cations of incentive-separable goods which can be distributed among agents to keep their
utilities fixed at the initial level. Here, it will be convenient to work with this set translated

by the aggregate allocation of non-incentive-separable goods:
X = X8 xS, (18)

Since X is compact and convex (see the proof of Theorem 1), so is X'

Consider the following maximization problem:

max W(Uy,, 2~ (x5 + xgs)) subject to (19)

xS,z

zeZ, z>2x5+x5, vp(x5(0)) =vp(x5(0)), V6 € ©.

If some (x¢, z.) solves this problem, then (x$, Xy S) will be S-undistorted. Using the set X,

we can express the above problem in terms of aggregates as follows:

(x,IzI;?))((xZ W (Uy,, z - x) subject to z > x. (20)

Recall that Z is closed and bounded from above by assumption. We can also put a lower
bound on admissible elements of Z—the resource constraint requires that z > x. Since
aggregate consumption cannot be negative, we can bound the admissible subset of Z by 0
in each dimension. Thus, the choice set is compact. Since W is continuous and the choice
set nonempty—it contains (xg, zg)—a solution to problem (20) exists. Moreover, W is non-
decreasing in z — x, so there exists a solution (x.,z.) such that there is no (x/,z’) € X xZ
satisfying z’ — x’ > z, — x.. This implies that intZ nint(X + z. — x.) = 2. Graphically, set
X, translated by z. - x, is to the north-east of Z, with only the boundaries of the two sets

touching.

By the separating hyperplane theorem, there exists a hyperplane with coefficients A €

2’Denote g, = Z. — X,; suppose intZ nint(X +g. ) is nonempty and contains some z. Then we will construct
(z’,x") € X x Z such that z’ - x" > z, — x, (note this also implies z’ > x’). Noticez ¢ X +g.,sox':=z-g, ¢ X.
Since intZ is open, there exists z’ € Z such that z’' > z. Butthenz’ -x" =z -z + g. > g..
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RX\{0} that separates intZ and int(X +z, — x.) at z.:

zZ, €eargmax A-z, (21)
zeZ
zZ,carg min A-z. (22)

ZeEX +Z s —Xx

Since Z allows for free disposal, it must be that A > 0. Moreover, we will show that A > 0.
Suppose that A is zero at coordinates from a nonempty subset A c {1,...,K} and is strictly
positive elsewhere. Since A # 0, the set of remaining coordinates, denoted by —A, is non-
empty. By Assumption 1, there exists z € Z such that z4 <z, z74 > z;4 and z74 # z;A.
Then, A -z > A -z, which contradicts (21). Thus, A > 0. Then, (21) implies that there is no

z € Z\{z,} such that z > z,. Thus, the production plan z. that corresponds to z. is efficient.

By a change of variable, (22) can be rewritten as
Z, — (zZ« —X,) €argminA - x. (23)
xeX

Note that z, - (z. — x.) = x«. Given that A > 0, this implies that x,—the allocation corre-

sponding to x,—is regular. O

We now proceed to the proof of Theorem 2. By Lemma 3, there exist an S-undistorted allo-
cation x, = (x$,x;5) that is regular with some prices A € RX, and an associated production
plan z, that is efficient. Then, Corollary 3 implies that welfare can be (weakly) improved

by implementing (x.,z.).

Statement (i) follows from Lemma 2. We now show statement (). In the proof of Lemma 3
we showed that the aforementioned production plan z. satisfies

Z, €argmaxA - z. (24)
zeZ
Recall that z, = 2]121 zl,, where 2}, € Zi, v j. Since the objective in (24) is linear, we can rewrite

this problem as a collection of | maximization problems of individual firms:

Z. eargmax)\-zj, vi=1,..]. (25)

ZieZ]

Each of these problems is the profit maximization problem of an individual firm facing the
production set Z/ and prices A. Firm’s profits are taxed lump-sum, which does not affect
the solution to problem (25).
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A.5 Proof of Remark 5

We will show that Lemma 3 (and, thus, Theorem 2) continues to hold in the fixed sup-
ply case when we replace Assumption 1 with the assumption that vg(x¥) has uniformly

bounded marginals.

By the proof of Lemma 3, there exists a solution (z., x.) = (Z,x$ + X6$ ) to problem (20) that
satisfies intZ nint(X + zZ — x.) = @. By the proof of Claim 2,

Fe:={y e RX: there exists k € {1,...,K} and & > 0 such that y « x$ — aej + ace_;}

is disjoint from X° = X — x6S for sufficiently small € > 0, and these sets can be separated by a
hyperplane with coefficients A >> 0. Translating both sets by a vector zZ - x§ does not change
this conclusion: There is a hyperplane with coefficients A > 0 that separates F¢ + Z — x$ and
XS +z-x§ = X +Z-x,. Notice that Z c F, + Z—x¢; thus, the same hyperplane also separates
Z and X +Z - x... The rest of the proof of Lemma 3 applies without any modifications.

A.6 Incentive separability and the inverse Euler equation

Consider Example 3 with an additional initial period in which agents consume a vector of
goods g € RX-! giving them instantaneous utility #(g). Assume that agents do not have
private information in this period, and thus all consume the same g. In the second period,
agents learn their private characteristic T and take a hidden action a. Incentive constraints
remain as in Example 3. Normalize the distribution of characteristics T to U[0,1], and let
h, u, and the planner’s objective R be continuously differentiable. Assume also that the
planner discounts the cost of providing goods in the second period by p, that is, 0R/dgy =
(1+p)oR/oyg, Vke{1,..,K-1}.

Claim 3. At the optimal allocation (go,Yo,a0), the inverse Euler equation holds for each good
ke{l,...,K-1}:

1 1 1
hk(go):(1+p)/0 /uk(yo(r,w),w)dy(w|”0(T)f7)dT- (26)

Proof. Fix an initial feasible allocation (go,vo,40), and let F be the set of allocations for

which second-period consumption utilities for all realizations of T and w are shifted by

some constant A relative to those for the intial allocation:

F={(g,y,a):IANe R, YVw e, T€[0,1], u(y(r,w),w) =u(yo(t,w),w)+A}. (27)
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Then, consumption decisions (g,y) are incentive-separable on . Thus, by Lemma 1, con-
sumption should be S-undistorted on F.

Consider a marginal change of gy in the first period consumption of good k and a marginal
change of §x(7,w) = —hk(g0)8k/ur(yo(T,w),w) in the second period consumption of k in
every w and 7. The new allocation belongs to F since the consumption utility shifts by a
constant equal to uy(yo(T,w), w)P(T,w) = —hx(g0)$x for every w and . By construction,
the change in second period utility offsets the change in first period utility, keeping every
agent’s expected utility unchanged. Hence, by incentive separability, this perturbation

preserves incentive constraints.

The impact of the marginal change on the planner’s objective is

E)R

agk aykf fyk(T w)dy(w |ao(t), T)dT

oR . 1
—;gkhk(go)gk(m—mp) [f uk(yo(r,w),w)dﬂ(w|a0(T)’T)dT)' 28)

S-undistortedness requires that the impact on the planner’s objective is zero. Thus, the

term in brackets needs to be zero, giving (26). O]
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