A Proofs and Technical Details

A.1 Proofs of Section 1

Concavity of the Utility of Earnings v. Our analysis requires that the utility
of pre-tax earnings z — v(z) = u(R(z)) is concave on R%. It is easy to show that
this is equivalent to pi(2)pa(z) > —7(z) where v(2) = —R(z)u"(R(z))/u'(R(2)) is the
agent’s coefficient of relative risk aversion, and p;(2) = (1 — T(2)/2)R'(2), p2(2) =
2T"(z)/R'(z) are two measures of the local rate of progressivity of the tax schedule.
If the tax schedule is CRP with parameter p, these variables are respectively equal
to l%p and p. If u(c) = loge, then y(z) = —1 and the above restriction is always

satisfied regardless of the value of p. m

Lemma 3 (First-Order Approach.) Suppose that the equilibrium effort level is
interior. The firm’s problem is equivalent to maximizing (1) subject to (3) and the

local incentive constraint:

Rl = v(z) —v(2). (18)
Proof of Lemma 3. Denote the agent’s expected utility of effort ¢ by
V() = (1= Ou(R(2(0))) + tu(R(2(0))) — h(0).
The first-order condition reads V7(¢) = 0, where
V() = u(R(2(9))) — u(R(2(0))) — I'(0).

We then have
V") =—h"(¢) <0,

where the inequality follows from the convexity of the disutility of effort. Thus, the
agent’s problem is concave and, as long as the effort choice is interior, the first-order

condition is necessary and sufficient. m

Lemma 4 (Optimal Contract: General Preferences and Taxes.) The base pay
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2(0) and high-level pay Z(0) satisfy

v(z) — W) = U(0) —Lh'(¢) (19)
v(z) —h(l) = U@B)+ (1 -0 (L). (20)
The effort level £(0) exerted by the worker satisfies

1 1

v(z)  v'(2)

Ezpected utility U(0) satisfies z + €b = 6.

0 = b+ 01— O (0). (21)
EeREE]

Proof of Lemma 4. The participation constraint reads:
(1 —=20(z) +v(z) — h(£) =U(0),
and the local incentive constraint reads:
v(z) — v(z) = ().

Solving this linear system of equations for v(z) and v(2) as functions of ¢ and U(0)
immediately delivers equations (19) and (20). The optimal effort level £(f) maximizes
the firm’s profit £0 — (z 4 ¢b) subject to the participation and incentive constraints,
taking the reservation value U(6) as given. The first-order condition reads:

0z  0b

0=b+ o7+

Applying the implicit function theorem to equations (19) and (20) leads to

0z

v'(z)7, = —th"(0)
and 0z 0b
V'(Z) (a—z + %) =(1=0h"(¢).
Solving for g—%, % and substituting into the first-order condition yields

H—b—ﬂ—@&%%M@%%

1 "
LG
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Rearranging terms leads to equation (21). Finally, the zero-profit condition z+¢b = (6

pins down the equilibrium reservation utility U(6). m

Proof of Lemma 1. Defining 3 by z = ¢z, the free-entry condition (4) can be

expressed as
(1—0)z+ Pz =00

This immediately leads to the solution (6) for the equilibrium values of the base pay
z and high-performance pay z. From a firm’s viewpoint, the participation constraint
(3) determines the base pay z given ¢ and the reservation value U. With log utility
and a CRP tax schedule, it reads:

log ——+ (1= p)[(1 = ) log(2) + (log(2)] — h(£) = U.

The pass-through § = log(z) — log(z) is given as a function of the desired effort level
¢ by the incentive constraint (7). Substituting 8 = h/(¢)/(1 — p) into the previous

equation, we get:

— h (¢
log = T4 (1—p) {log(g) + 5#] — h(0) =U.
Solving for z leads to:
-1/(1-p)
. (1 - T) Y U i - () (22)
1—p

and hence

-1/(1-p)
s (l=7 T U o O+ (10 (0]
IL—p

Substituting these expressions into the free-entry condition determines the reservation

value U as a function of labor effort:

1/(1-p)
L—=p 1— 04 e O’
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U = log (%) + (1 — p) log(0¢) — h(£) + (1 — p)[£B — log(1 — € + Le”)].

Noting that u(E[z]0]) = log(8¢) and E[u(z)]0] = (1 —¢)log 2z + ¢log(e’z) = log z + {13,

and using expression (6), we obtain:

U = v(0€) = h(£) + (1 — p{E[u(2)[0] — u(E[z|0])}.

Finally, the first-order condition for effort is obtained by differentiating the firm’s
expected profit ¢ — [z + ¢b] and equating it to zero:
0z ob y 1, 02
0=b+ 221 0P _pp L (0O 1 g e )92
+20 Tl —1—1_ () zeT2"" 4+ + leT-p ]86’
where the second equality follows from the fact that b = (¢” — 1)z by definition, with
B = l%ph’ (¢) since the contract must respect the incentive constraint (7). Since the
firm takes as given the worker’s reservation utility U, we differentiate equation (22)

to obtain:
0z

ot = 2,

Substituting into the previous expression gives

0 =b+[ers"® 1)z : 01— 0O)h"(0),
-Pp

which leads to equation (8) for the CRP environment:

0 = b+b£(1-£)]1’”(€). (23)

Note that in equilibrium, we can use (6) to rewrite this equation as

o f(eﬁ _ 1) 1 "
and hence ) 1o
(1 —10) = (0)

B(ef —1)en(6)
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This expression implies that the optimal effort level £ is independent of the worker’s

productivity 6. =

A.2 Proofs of Section 2

Proof of Lemma 2. The first order condition (23) for labor effort can be rewritten
as 1 —p=2(1— 0O (0)[eO/0=P) —1]. Apply the implicit function theorem to get:

L1—p = — Y o B L) | R (D) "
€ o(l-p) 2z BZOTD AT
Recall that oI 01— 0)h"(0)
o T ]
Differentiating this expression using g—% = —Egh’lff} and % =z+(1- f)b]%(? leads
to
B B (1) W'(0)? w0
o 9 _ b . 1 — 1—=0> —bl(1 — .
or2 [z +( 34)]1_1) (A =Olz+( E)]<1—p> E( E)l_p
911

The second-order condition for optimal labor effort < 0, can therefore be ex-

Y 8€2
pressed as

<0,

ey 11 230 BeP W(0)  Lh(0)
]_[1—£+eﬂ—1h’(€) e 1=

/ _
[5h’(€) 1—/lef -1
where we used the fact that z/b = 1/(e” —1). The first-order condition for labor effort

implies that the first square bracket is equal to zero. Therefore, we obtain €y, > 0.
- £1+1/s{

Now, suppose that the disutility of effort is isoelastic, h(f) = 7 s
4

with €/ constant.
We can then rewrite the labor effort elasticity as
£l

Ct1-p = 1—¢/(1—¢ :
+ TRt

F
This expression implies that ,;_, > %, and that .7, > ef if and only if
4

4 : 1
1—1—_£<O,1.e.,€>§. [ |
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Proof of Proposition 1. Equation (10) follows immediately from equation (7) and

Lemma 2. m

A.3 Proofs of Section 3.1

Let U(0) = v(6¢) — h(£) = log %; + (1—p)log(£f) — h(¢) be the worker’s expected
utility in the full-insurance setting. By the envelope theorem, we have dLC{l—(pe) = %p —

log(Ez). The next lemma computes the impact of tax progressivity on the equilibrium

reservation utility in our framework.

Lemma 5 The impact of tax progressivity on expected utility is given by

O ) 1 (tog(S[e16) — Bllog ) + Vg 00) 2y (21)

where V(log z|0) = B*((1 — () is the variance of log-earnings conditional on ability 0.

Proof of Lemma 5. Differentiating equation (9) gives

auU(0)
(1 —p)

= |- ! 0 ﬂ— ! o 0 Z — E|log z
= |-+ owe0) + (2 - 1(0) 52+ (louBlell) — Bl =)

o1 o (-1 -0 98
‘“‘p){{m‘ﬁ] o1—p)  1+U 1) 3<1—P>}'

But recall that

du () 1
= — + log(¢0
dl-p)  1-p (£6)
and that
o 0B ot s
(1 —p) 1 e = gy YT
Substituting into the previous equation and using % = %é}};ﬂ(%) and 7 ergl_l) = E[i’l 7
leads to
oU) U b
= + (log(E|z|0]) — E|log z|0]) — =——=B(1 — {)eg1_
Sy = a1y (oB(ElEle)) — Ellog 21f) — g1 — sy

Blef —1)(1 — 0) Lh"(0)] ot
1+0ef—1) w0 | o1—p)

1— Ch (¢ (ef —1
Ll ) e -1

4 1—p 144 —1)
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Using the first-order condition for labor effort 3(e® — 1)¢(1 — 6)% = 1 derived in

the proof of Lemma 1, we obtain that the term in square brackets that multiplies

ot
9(1-p)
This easily yields expression (24). m

is equal to zero; this is a manifestation of the envelope theorem in our setting.

The interpretation of equation (24) is that a higher rate of progressivity p raises
expected utility when earnings are uncertain by reducing the consumption spread
that workers face. This is captured by the second term (in square brackets) on the
right-hand side of the equation. In addition, higher progressivity raises the dispersion
of pre-tax earnings via the crowd-out elasticity €g;-, = —1. This causes a loss in
expected utility proportional to the conditional variance of log-earnings V(log z|6).
Finally, notice that the crowding-in €3 e4,1—, does not appear in formula (24) because
this effect operates via optimal labor effort choices; the envelope theorem implies that

its impact on welfare is only of second-order.?®

Proof of Proposition 2. The proof proceeds in several steps. We first derive the
effect of a change in progressivity on the social objective. Second, we evaluate its
impact on government revenue by decomposing it into a statutory effect, a stan-
dard behavioral effect with exogenous private insurance, and fiscal externalities due
to crowd-out and crowd-in. Third, we compute the marginal value of public funds.
Finally, we equate the sum of these effects to zero to obtain our characterization of

optimal tax progressivity.

Social Welfare Effect. Denote the change in the social welfare objective resulting from

a change in tax progressivity by

WE = / Mm%w(e).
By equation (24), we have
E = 1 0) log(L0)dF (0 log(IE|z|8 E[L 0 bf 14
W ——fp+/a<>og< )AF(6) +108(E[=16]) ~ Eflog 216] — =11 — D51,

28More precisely: Consider an (equivalent) dual formulation of the firm’s problem, which consists
of maximizing the worker’s expected utility subject to making non-negative profits. The envelope
theorem applied to this problem implies that changes in labor effort do not have first-order effects
on expected utility.
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where log(E[z|0]) — E[log z|0] = log(1 + £(e” — 1)) — 3¢. Now suppose that log ~
N (g, 02) and a(f) oc e=2'8?  Note that, if a random variable x is normally dis-
tributed with mean g and variance o2, we have E[e™%] = e~ +39%” - Moreover,

letting ¢ denote the pdf of x, we have ¢'(x) = —=F¢(z), so that

Bl(e ~ e ] = [ (@ pe plade = ~* [ e (a)da.

An integration by parts implies that this expression is equal to —ao? [ e~ *p(z)dx =

_ 1,22 . _ _ 1.2 2
—ac?e” 29777 Therefore, we obtain E[ze %] = (u — ac?)e” 2% 7", Hence,

[ e el log§f(0)do

2
fe—alogﬁf(9>d6 = logg + Mo — Q0.

/ a(0) log(£0)dF(6) = log { +

Statutory Revenue Effect. Government revenue is equal to

/MNM%W@z/wf@N@+HVMH®=Z—a

where Z = [ E[z|0]dF () is aggregate income, and C' = [ E[R(z)|0]dF(0) is aggregate

consumption. Under the assumptions of Proposition 2, we have

=714 (ePP T 1
C= T T (@~ /(9@) dF(0), (25)

with

Jo0rrar) = [0 =+ 50— 7o) 0

The statutory (or mechanical) effect is obtained by evaluating the change in govern-
ment revenue following a change in progressivity keeping the contract (¢, z,z) and
hence [ fixed, that is,

OE[T (2)|6]

ME= | 50—

dF(0)

lz,z
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We obtain:

1 Blel—r)B

1 B _ _
T—p 11 0(e0- pﬁ_1)+ og[l 4+ {(e” —1)]

V- [ dlog f(QE)lde(G)] ¢

(1 —p)

with

0 I—p —1lo L o 1-p
mlog/(@f) dF(0) =1 g£+8(1_p)1 g/e dF ()

=log{ + pg + (1 — p)oy.

Behavioral Effect with Exogenous Private Insurance. By equation (6), in response to

a change in progressivity, the income levels change (in percentage terms) by

dlog z z

eh1-p — Bl (Ea0p + E.0501 )
dlog(1—p) E[|0] 7 TE[]g) Mt r T ARl

z

B = g and

where we used the fact that 1 —

dlogz  z 2
loal—p) B TP OrLg

(e8.1-p + EpLEL1-p)-

The standard behavioral effect of an increase in 1 — p is equal to the change in
government revenue triggered by labor effort responses ¢ only — that is, keeping the
bonus rate 3 fixed. We get?”

b "(2)z _ Ologz z) —T(z))le
pr =t [ (6|7 mog(l_p)'ﬁ\e}w() T(E) e )4F )
o[BI E e PO+ [ (TC) ~T@)evs P (6).

[ 0]

Since e4,1—p and g are constant (independent of ), this expression can be rewritten

|9}

29Note that, in a model with only intensive-margin responses to taxes, i.e., with an exogenous
probability 7 of earning the bonus, the free-entry condition Ez = (1 — 7)z + 7z = €6 would imply
dlog z Olog z

9Toz(l—p) — dlog(i=p) — Et.1-p> and the change in government revenue caused by a change in
progressivity would be equal to e¢1_,, [ E[T"(2)z|0]dF(#). This is the expression we would obtain,

for instance, in the full-insurance benchmark.
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as:

1 Z / >
BE = T {E[ZW] /E[T (2)z|0]dF () +€/(T(z) —T(2))dF(0)| €r1—p-

With a CRP tax schedule, we can write

/E[T’(z)zw]dF(e) - /E[z — (1= 7):PIGdF () = Z — (1 — p)C.

_ 1— 'rzl
The post-tax bonus rate is equal to log ¢ = log if—l (1 — p)B. Hence, writing
c =z
- o 1-p)3 1 o c e(1—p)B . b
Elc|f] = (1 — )¢ + Le(=P)B¢ leads to PP T = and TT=PF—T) = B
Therefore, ﬁ and Beld] |9] are constant, where v = ¢ — ¢. We can thus write the

contribution of extensive margin adjustments to the excess burden of the rise in

progressivity as follows:

/(T(z) _ T(2))dF () :/ Kz_ igz“’) - (g— 1:;51’)} dF(0)

¢

— [vare) - [1drie) - % / BEWAF0) - 5o [ Eiloiire) - E[Z T

Collecting terms, and using the fact that {—— 7‘ o = =1- m, we obtain
BE—— |2 7 (1-p-2 crit 7 ¢ ¢l
“1—p B0 PEEW] T ER0]” T Ele] T
1 C

0
Z zZ
“ 1o, [1 “o U PR - E[cm} ctasC

Fiscal Externalities from Crowd-Out and Crowd-In. Finally, the change in govern-

ment revenue due to the endogeneity of the bonus rate [, keeping effort ¢ fixed,

is given by

dlog z
dlog(1 —p)|,

FE=—— [(1 0T'(2)z WW%e

1 dF(6)
/ T'(2 )zdF(H)]

:1 — p[g'&l_p + 65758@1_]3]56(1 — f) |:]E[§|9] /T,(Z)ZdF(Q) — E[z|9]
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where the second equality uses the expressions derived above for the earnings elastic-

ities. The term in square brackets can be rewritten as

4 z

E[;hg] /[Z —(1—=7)z"PldF(0) — E[[0] /[g— (1 —7)z""P|dF(6)

6'8 — e(l_p)ﬁ

1 .
T+ 0 — D)L+ —Dr /W) dF(6)
1 eP e(1-p)8

:1——6(1 —p) {1 +0(ef—1) 1+ (e0-P5 — 1)} C,

=(1—-171)

where the last equality follows from the expression (25) for C' derived above. Thus,
we obtain

B o(1-p)8
1+0(ef —1) 1+6(e0-05 1)

FE = ﬁé |: :| [8/3’1_]; + 8@746371_:,,]0.

Marginal Value of Public Funds. The marginal value of public funds A, when the tax

code is restricted to the CRP class, is defined by the effect on social welfare of an
increase the tax parameter 7, normalized to raise government revenue by 1 dollar.
At the optimum tax schedule, A is the Lagrange multiplier of the government budget
constraint (12). We have

0 [E[T(2)|6]dF(0) 07 aC

or - or ot
The first-order condition for effort (23) implies that % = 0. Thus, g—f = 0 and, using
expression (25), % = —&. Hence, we obtain

0 [E[T(2)|0)dF(6)  C

or 1—7

The impact on social welfare of the normalized tax change is given by

A= (1 S’T>_1/a(6)ag£9)dF(9) - (11)_1/@(9)1;%(9) _ é
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Optimal Rate of Progressivity. The optimal rate of progressivity is the solution to

_ 0 fa(@)U0)AF() 0 JE[T(2)|0]dF(0)
"= a(1 —p) A0 )
= WE+%WE+BE+M%

That is, the optimal level of p satisfies

1_ b
0=—1 — +log l + g — acy —log(1 + £(e® — 1)) + pt — E[Zw]ﬂf(l s,
1 /Bée(lfp)ﬂ 5 2
TTop 1o log[1 + £(e” = 1)] = (log £ + g + (1 — p)og)
1 VA 5 .
f 6’3 6(1777)5
o L + £(ef — 1) 1+ 6( 1-p)8 _ 1)} [6571—17 + 56,554,1_13].

Rearranging terms, this formula can be rewritten as

9 e1-P)B _ 1
0=~ (1 =pa)a = B0~ Oy )
1 Z z c e1-p)B _ 1
—— |1-5+Q -y — =1 = Bl =1 -
I=p { ¢t PERg E[cm] feap = U = O e -y
/ e’ e(1-p)B
+ {1 +0(ef—1) 1+ (e0-P)5 — 1)} €8.E¢1—p-
We saw that L =2 e? — _z 1 — ¢ and —<imP

1+0(eP—1) = E[z]0]’ 1+£(ef—1) ~ E[]0]’ 1+£(e(1-PIB-1) ~ E[c[d]’ TH0(eT—PFT) —
IE[cI 7 We can therefore rewrite the optimal tax equation as (recall that v = ¢ — ¢)

(1 —p+a)os + BL(1— )

v
E[C’Q] (1 + 8/371—17)

|z (_z 7 I
E {Tz@ <E[z|61 1 —pE[cm)] it Pl (EM@] E[c|9]> ey

_ z e _ b z _
Recall that V (log 2|0) = 8%0(1 — ), o5 — zm = (1 — O(ggm — zog) and & =
1+ % = 1+ % where s is the ratio of public expenditures S to output Z = C'+S.
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We thus get

(1 —p+a)og + V(log 2|0)

s/ =s)+p b 1 vy op > 1 b v
_{ L—p M(E[ZM 1—pE[c|¢9])}€é’l_p+V<lg 93 <E[z|9] E[cw])gﬁ"%—%"

Dividing through by (1 — p) and rearranging terms leads to

i
E[C|¢9] (1 + €f371,p)

|

P (1+ 1%)05 + V(log 210) = mar (1 + €5.1-p)

—n)2 _
L=p? ¢, [(1+(1 =) + S2gn — Hw ‘)]—i—V(logz\H) 2 (gl — e )EscEetp

Note that, to a second order as f — 0 (keeping ¢ fixed), we get

ﬁg(l — é) 6(1_17)/3 _ 1 )
~ 1-0=VY(
1—p 14098 —1) B20(1 — ) = V(log z|0)

e’ —1 el-P)B _ 1
1+0(ef —1) 1+e(e-P8 — 1)1

V(log z]0) =

r3V(log z|0) = BL(1 — {) [ pV(log z|0).

e(1-P)B_1
1+£ e5 1) — T+4ed—PPF_1)"

Note that k3 > 0 if and only if or equivalently p > 0.

FExtension to a model with fived-pay jobs. Let sy, be the fraction of performance-pay

or “moral-hazard”) jobs, and sy, the fraction of fixed-pay jobs in the economy. The
J fr

welfare effect becomes:

1
WE = — 1—p + Spp(10g Ly + f10,pp) + (1 — spp) (Log L + 10, 1)
bpp
+ Spp {logE[zpp\H] — Ellog 2, [0] — E[z |9] = Bl (1 — Cpp)ep p} :
Zpp

Aggregate consumption is equal to C' = s,,Cpp, + (1 — 5,)Cp, With

1— 714 £l,(elPF 1) 1 .
= 1— ~(1- o
o =T i1 4, (@ e |1 PoHowr + 51 P) Oty

1—7

1
Ctp =1 — {(1 —p),ug,fp+§(1 —p) Uefp} gl P
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The mechanical effect can then be written as

1
ME = EC + [~ log s, — po,pp — (1 — p)oafp} (1= 5p)Cp

ngpe(lfp)ﬁ
L+ Ly (e0PF —

+ 1) +log(1 + €yp(e” — 1)) —1og by — figp — (1 — p)ag,pp SppCpp-

The behavioral effect of the perturbation is equal to

1 Z
BE = [ﬂ —( _p)} Segp1-p(1 = 5)Cpp

I—p Cfp
1 Z. z &
- 1_ﬂ_|_(1_p)—_m’_ﬂ}5z 1S C.
1 _p|: Cpp ]Ezpp Ecpp pp>L—P PP~ PP

where Z; is the aggregate output of jobs of type i, and z,,/Ez, and c,,/Ec,, are

constants defined as above. Finally, the fiscal externalities amount to

FE =5ty L Flp(eP —1) L1+l (e-B — 1)] €610 T EpeceaplsmCop:

The optimal rate of progressivity satisfies 0 = WE + %[ME + BE + FE]. Using the
previous expressions and rearranging terms following the same steps as above leads

to

p 5 + 252k (14 £51)V(log 2 |6) — ks

_ 2 - SppC. SppC.
(1—p) Eoyp + 22l ko€, 1—p + ””C”’/ﬁgegygppsgpp,l,pV(logzppw)

where we denote the average variance of abilities by

w2 _ Sppcppaz (1— Spp)cfp02
0 — C 0,pp C 0,fp

the average labor supply elasticity by

S C 1 Z. (1 — S )Cf 1 Zf
E _:M(1+_(ﬂ_1))5£ PR S - YA by NS (s A €00 1—ps
£,1—p C P Cpp ppy1—D C P Cfp fpv]- p
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the constants k1, ko, k3 by

_ C, —

Ky = 1 CPP—QPP+ 1_%2131’_21017
B(1 - p) E[Cppm % E[pr|9]
1_p (zpp—épp . 1 Cpp—gpp)

b

K g
2 E[pr|9] L—p E[Cpp|9]

K3 = 1=p (pr ~ Cpp _Qpp)
Bp E [pr 0] E [Cpp 0]

and the constant k4 is given by

C
Ky = ——(1—5y) (1 - %) [119,5p + log L]
Z

C’
= (1 ~ T > {“”p“oggpp“ogm ol B )

This concludes the proof. m

A.4 Proofs of Section 3.2

Lemma 6 Suppose that the tax schedule is affine with tax rate T and lump-sum trans-

fer Ry. The optimal contract satisfies

1 (eh’(é) _ 1) Ry el (0) + %(eh/(f) — 1) Ro

(1—-71)6 _ (1—-7)6
= . 2

z:

Labor effort, when interior, satisfies

(M0 — 1)(¢ + Far)
1+ 0@ 1)

1= (1+£4(1—=0)R"(0)). (27)
As 0 — oo, labor effort converges to £* € (0,1) and B =log(z/z) converges to h'(£*).
Proof of Lemma 6. The local incentive constraint (5) reads

log((1 —7)z 4 Ry) —log((1 — 1)z + Ro) = W' (¢).

It implies that zZ = "z + (e”® — 1)Ry, where we let Ry = 113—07. Plugging this
expression into the zero profit condition ¢z + (1 — )z = 6¢ yields equations (26).
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In particular, we have b = z — z = (e”® — 1)(1 + ﬁ%)% The first-order

condition for effort, derived in Lemma 9 in Appendix B, reads

1 1
0=> — 01 =)' (0).
o -] - owe
Note that v'(z) = O—i);z:—}%o = (2 + Ro)™', so that ﬁ - @ =z — 2z =10. Use this

relation, plug the expression for b and divide both sides by 6 to get equation (27). To
see that ¢* is interior, consider the limit of the right-hand side of (27) when 6 — oco.
This limit is 0 when ¢* = 0 and (e”?) —1)/e(*) < 1 if ¢* = 1. Thus, (27) can be
satisfied in the limit only if ¢* € (0,1). =

Proof of Proposition 3. Suppose that the optimal marginal tax rate is constant
above some earnings Z. For agents with earnings sufficiently above z, the tax schedule
is effectively affine, with marginal tax rate 7 and lump-sum transfer Ry = 7z — T'(2).
We consider a uniform increase in the marginal tax rate 7 in the interval [z*, 00) by
a small 6 > 0, where z* > Z. This perturbation is represented by the functional
R(z) = —(z — 2*)If.>.+y and R(z) = —If.>.+}; see Section B. Thus, the tax liability
levied after the reform on workers with income z > 2* is T'(2*) + (1 4+ 0)(z — 2*). Let
0* denote the threshold ability type above which an agent earns income above z* with
positive probability, and 8** be the threshold ability type above which the base pay
and the high-level pay are both above z*.

The first-order effect as 6 — 0 (Gateaux derivative) of the perturbation on gov-

ernment revenue is given by

R= /:O(z — 2VdF,(2) + T /OO 00dF (0),

* *

where F, denotes the distribution of earnings in the economy. The first integral
in the right-hand side is the mechanical effect of the perturbation, i.e., the impact
of the tax reform on government revenue keeping individual earnings and behavior
fixed. The second integral is the behavioral effect of the reform, which accounts for
the endogenous responses of labor contracts. The impact of these responses can be
summarized by the change in average earnings 07 of all individuals whose income is
larger than z* with positive probability. This is true even for workers in [0*, 6**],

because their base pay z < z*, is initially taxed at the same rate as their high-level
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pay z > z*. Now, we can rewrite this expression as

. T

R= (1= F()(Z ) -

(1-F() ZE,

where Z is average earnings in [2*,00), Z is average earnings among workers with

[0 1—1 2\ dF(0)
g_/e* 7( ¢ 9£)1—F(9*)

is the (income-weighted) average elasticity of mean earnings among types [0*, co) with

ability in [6*, 00), and

respect to the tax rate on incomes [z*, 00). Defining

P, = lim w)
#ooe (1= F(24))Z
we obtain .
R T
e (1= F,(z*)(Z — z¥) 1—T¢pp &

where p* = lim,«_, % is the Pareto coefficient of the income distribution, and £*
is the limit of £ as z* — oc.

To compute the first-order effect of the perturbation of the social welfare objective,
use Lemma 8 in Section B to show that the Gateaux derivative of individual utility

in response to the tax reform is given by

~

U = tu(z | 04/ (R(2))R(2) + (1 = Oulz | 0)u'(R(2))R(2),

where we denote

o'z z+ 2o
Lv'(2) | 0] lz4(1—0)z+ £

0) =
Hz10)= g
Thus, the first-order effect of the tax reform on social welfare is given by

SW =~ [ {te =13 1)+ (1 = 0z = )ienalz | 0)} dF6),
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where g(- | 0) is defined in equation (17). We can rewrite the previous expression as

SW = —(1— F.(z))(Z — 2*)(G(=*) + A(z*)),

where G(2*) = E[2=2g(z | §) | = > z*] is the (income-weighted) average marginal

social welfare weight above z* in the full-insurance setting, and

AE) = [T = 16 - et 0

z—z" dF(0)

+ (1= 07— Ty (u(z [ 0) — 1)g(2 | 0) T=F.()

is the additional correction due to the crowd-out of within-firm insurance. Defining

Yy = lim 1+ G(=")/A(),

z2*—00

we obtain -
SW

li =—Y,q"

500 (1= F,(2))(Z — z¥) Vod"

where ¢* is the limit of G(z*) as 2* — 0.
Since the tax schedule is optimal, this perturbation cannot yield any welfare gains.

In particular, as z* — oo, we must have

R+SW] =0.

lim

D1 B () (Z — 2 [

This implies

.
1—7*
which easily leads to formula (16).

77ZJpp*g* _ng* =0,

We now derive explicit expressions for v, and 1,. We will repeatedly invoke the
mean value theorem for integrals (MVT), according to which, for any continuous
function X (-) and any 6,,60,, there exists ¢ € (61,0,) such that f;f X(0)dF(0) =
X(t) [,? dF(6).

Regarding 1, note that

1—F(0*) Z [X60dF(6) [ 00dF(8)
Z [TzdF.(z)  [000dF(8) — [;X 1 (1 — 0)2dF(6)
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Since z* = z(0™), the second term in the denominator becomes f;:*(l — 0)zdF(6)

and we can write

1 — F(67)

Sy (1= 0zdF(0)]
1— F.(z%) a

o t0dF(0)

7 JR—
7=
The MVT implies that there exists t; € (0*,0*) and ty > 6* such that

Jor (L=0zdF©O) (1 —6(t)z(t)/t [y 6dF(0)
Jor COAF(O) ((ts) [ 0dF(6)

By Lemma 6, the first ratio converges to as z* — oo. Since 6 is Pareto

10
14-£* (el (€*) 1)
S2)P" =1, where p* > 1 is the Pareto

coefficient; it is easy to show that it coincides with that of the tail of the earn-

distributed, the second ratio is equal to 1 — (

ings distribution. Using the identity z(6*) = z(0**) = z* and Lemma 6, we find

. * _h *
N« yo0 ger = e~ "), Thus,

-1

_ (1-£) N
¢P_ 1_1+€*(6h/(5*)_1) (1_6 ) > 1.

Regarding 9, let fi* = limg_,o p4(2|0) and p* = limg_, p1(2]0). By Lemma 6, we

have e
TS - o
S el ) 41— and 4" = Sy
Next, define
A(z") = /oo -z, dF()) Jor (2 = 2" )dF (6)
Joo Z—2¢ 1= F.(2) fe* Z— 2 WdF(0) + [;n(z — 2*)(1 — ()dF(0)

-1

| -1 - 0dFe)
fa (2 — 2*)ldF'(0) 7

and let A* denote the limit of A(2*) as z* — oo, if it exists. By the MVT, there exist
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t1,t] > 0" and to,t, > 6* such that

Iz =21 —0dF(6) 21— 0(ty)) [y 0dF(0) — 2 (1 — ((,))(1 — F(0™))

Jor (2= 2 )LdF(0) 22D p(ty) [7 0dF(9) — 2*0(th) (1 — F(67))
z * z(0**
01— R (- ) — S (- )
- * * Z(ta * z(0*
0 1— F(0*) Ef);)g(t2)pf—l_ Z( )f(t')
where in the second line we used the following property of Pareto distributions:
[ QldFF((e)) = x—Ll The first two terms of this expression are equal to ( o )p -1
and converge to e~ (" ~"DM() a5 2* — 0o, The last term converges to = E . As
a result,
1 — ¢* -1 (*eP PR (%)

. () _
AT=|l+e I o) 110

Now, applying the MVT to the expression A(z*) dervived above implies that there
exist t; > 0* and ty > 6** such that

A= (p(z [ 1) = Dg(z [ ) ARE") + (u(z | 2) = 1)g(z | £2)(1 — A7)
—— (=g A"+ (p" = 1)g"(1 - AY).

2*—00

Therefore, we obtain

*

Yo =14 =14+ (3~ DA + (5 — 1)(1 - A)
eP W () _ 1 el () _q
=14+0(1—-¢" . > 1.
+ ( )E* p*h!(£*) +1-— 0% g*eh’(ﬂ*) +1-— /*

This concludes the proof. m

B General Tax Incidence Analysis

In this section, we evaluate the impact of tax reforms on workers’ labor contracts
and welfare. Consider a given baseline retention schedule R : Ry — R and another
function (“tax reform”) R : R, — R. The first-order change in a functional ¥(R) in
response to the reform R is given by the Gateaux derivative U(R, R) = lims_,o (¥(R+
6R) — U(R))/d. The proofs of the following results are gathered in Appendix B.1.
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Lemma 7 The first-order impact of a tax reform R on earnings z,z is given by

_[he, 0] e,

T TRe el T ve ! .
. | R 0] a-orw,;

S lrRe vt ve ! (29)

where U and { denote the first-order changes in the reservation utility and labor effort
due to the reform. The terms in square brackets constitute the crowd-out, while the

terms multiplied by@ constitute the crowd-in.

The first term in equations (28) and (29), —R(z)/R/(z), implies that, ceteris
paribus, the agent’s consumption ¢ = R(z) remains unchanged despite the tax change.
Indeed, this term implies ¢ = R(z) + R/(z)2 = 0. Thus, absent any change in the
reservation utility and optimal labor effort, the firm would simply adjust pre-tax
earnings so as to keep the worker’s disposable income levels ¢ and ¢ fixed. In other
words, any attempt by the government to affect consumption insurance would be
fully offset by the firm in order to preserve incentives.

Second, the tax reform affects the earnings contract via its impact on the equi-
librium reservation utility. The increase in income z resulting from an increase in
the reservation value U > 0 is inversely proportional to the marginal utility v’ (2).
Thus, the earnings of the high-performers increase by a larger amount than those
of the low-performers with the same ability. This ensures that the utility gain U is
distributed uniformly across agents regardless of their performance, thus preserving
incentive compatibility (18).

Third, the tax reform modifies the desired effort level. Recall that, by equation
(18), eliciting higher effort ¢ > 0 requires widening the gap between the utility of
high- and low-performers by AR/(¢) = h” (f)é The implied change in earnings—the
crowd-in effect—is given by the third term in equations (28) and (29).

Lemma 8 The first-order impact of a tax reform R on expected utility U(0) is given

by

1

U=E [u(z)u/(R(z))]%(z)w where p(z) = quf\)ﬂ for ze{z,z}, (30)

v

In the standard (full-insurance) model, a tax cut R(z) > 0 affects the worker’s
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utility in proportion to their marginal utility of consumption «'(R(z)), and the en-
velope theorem ensures that the endogenous behavioral responses have no first-order
impact on utility. In the model with performance pay, the envelope theorem still
applies to the endogenous effort (i.e., crowd-in) responses: Equation (30) shows that
the worker’s expected utility is unaffected by changes in labor effort. However, the
earnings adjustments caused by the crowd-out of private insurance have a first-order
impact on welfare. The additional factor u present in equation (30) accounts for
these welfare effects: To keep effort incentive-compatible, earnings z must change in

proportion to ﬁ so that the utility difference v(z) — v(z) remains unchanged.

Lemma 9 Suppose that the base pay z and high-level pay Z are both located in brackets
where the marginal tax rate is locally constant. The effect of a tax reform R on labor

effort € is given by:

T RO Ry TERO Ry T RO R TSRO R

l R'(z) R(%) R(z) R(Z)
7 (31)

where the elasticities of labor effort with respect to the marginal tax rates at z and z

are respectively given by:

1 /b 1 /b
SR = | L n and €y p(z) = D ;5in+1

and the elasticities of labor effort with respect to the average tax rates at z and Z are

respectively given by:

o (1-0)z 1 (1-0)z
cin = =5 (1= o+ 7)ot o = —g5 (oo g

where we denote:

0= ro o o= () G (5 e

Thus, a higher marginal tax rate on base (resp. high-level) pay raises (resp., reduces)

labor effort: ey piy < 0 < €y riz). Suppose moreover that the utility function is
logarithmic, which implies E = 1. A higher average tax rate on base pay raises labor
effort: e¢rezy < 0. A higher average tax rate on high-level pay reduces labor effort, so
that €¢ p(z) > 0, if and only if R'(z) < R(2)/z.
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In the standard model, effort responds negatively to the marginal tax rate (MTR)
due to the substitution effect and positively to the average tax rate (ATR) due to the
income effect. In our model, a higher ATR levied on the base pay increases effort,
but a higher ATR levied on the high-level pay reduces effort (when the tax schedule
is progressive). Intuitively, adjusting effort in this way allows the worker to escape
some of the increased tax burden by reducing the probability of receiving the income
level that is taxed more heavily.

Moreover, a higher MTR levied on high-level pay reduces effort, but a higher MTR
on base pay, perhaps surprisingly, increases effort. Note that a change in marginal
rates alone does not modify workers’ incentives for effort, since the incentive constraint
(18) is unaffected. What are modified, however, are the firm’s incentives to offer
different pay structures. Intuitively, a higher MTR gives firms incentives to reduce
gross pay and save on payroll, since the implied reduction in after-tax income—which
matters for workers—is now smaller. A higher MTR at the high-level pay Z then
leads to a lower value of Z and, via the incentive constraint, to a lower effort level.
Conversely, a higher MTR on base pay z leads to a lower value of z and, hence, a

higher effort level.

Lemma 10 The first-order impact of a tax reform R on earnings z,z is given by

(1—0z = — (1—50ut)(1—€)§/<(§z)) + eoutﬁgi)) _ fzsmg (32)
= U-en)1-OpS — ol + [t ()

where the crowd-out parameter €,y € (0,1) and the crowd-in parameter €;, > 0 are

respectively given by

1 1—/ (1= 0n"(¢
Eout = and Ein = #;
zZv'(2)

and where the labor supply response g/K s given by Lemma 9.

Lemma 10 is obtained by substituting expression (30) into equations (28) and
(29) and gives a full characterization of the incidence of tax reforms on the earnings

contract. It generalizes the crowding-in and crowding-out forces highlighted in Section
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2 to arbitrary tax systems and reforms. Our model gives simple analytic expressions
for the crowd-out and crowd-in parameters e,,; € (0,1) and ;,. For instance, if the
utility of consumption is CRRA with risk aversion ¢ and the tax schedule is CRP,
we have ggy = (1 — £)/[1 — £ + LePT(1=P)9)B] \where 3 is the pass-through defined in

Section 2.

B.1 Proofs of Section B

Proof of Lemma 7. Consider a reform 0R : R, — R, of the tax schedule, where
§ € R. Denote by 2 and Z the Gateaux derivatives of base pay and high-performance
pay following this reform, and by ¢ and U those of labor effort and reservation utility.
To a first order as & — 0, the values of 2 and Z are the solution to the following

system:

u[R(z + 62) + 6R(2)] — h(£ + 60) = U(0) + 6U — (£ + 60)h' (¢ + 60)
u[R(Z + 62) + 6R(2)] — h(£ 4 00) = U(0) + 6U + (1 — £ — 60)B' (£ + 6).

Linearizing this system around the initial equilibrium leads to

u'(R(2))R(2) + R'(2)v/(R(2))
u' (R( ))R(Z) + R (2)u

— (O =U —[W() + tn"(0)]¢
— R0 =T+ [=H(0) + (1 = OR"(0)]L.

=
jay]
—
|
N—
N—

Y

Rearranging terms and noting that R'u’ = v’ leads to equations (28) and (29). =

Proof of Lemma 8. The perturbed free-entry condition reads:
(24 62) + (L4 60)(b+ 6b) = O(¢ + 60).

Linearizing this system around the initial equilibrium as § — 0 leads to 2 +0b+bl = 0
or, since b=5— 2,

(1—02+0:=(0—D).

Substituting expressions (28) and (29) into this equation and rearranging terms, we
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obtain

1—0 0 ] 10 ¢ .
[U,@) + U’(Z)} U :WR(@ + R(z)

+ [9 —b— (wlg) - ﬁ) 01— K)h”(é)} /.

But the first-order condition for labor effort (21) when taxes are levied on total

earnings can be written as

1
v(z)  v(2)

Thus, the Gateaux derivative of expected utility is given by

0=b+ [ } 01— OR"(0). (34)

which is equal to expression (30). m

Proof of Lemma 9. The first-order condition (34) for labor effort, expressed at the
perturbed tax schedule and to a first order as § — 0, reads:

0 =b+ 6b+ - - ! = et
[R'(Z) + 0(R'(Z) + R"(2)2)|W[R(Z) + 6(R(Z) + R'(2)Z2)]

1

[R(z) + 0(R(2) + R"(2)2)Jw'[R(z) + 0(R(z) + R'(2)2)]
X (0 +80)(1 — € — 60)R" (€ + 67).

Suppose for simplicity that the tax schedule is piecewise linear, so that R"(z) =

R"(z) = 0. A first-order Taylor expansion of this expression around the initial equi-
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librium leads to

(- 0n0) ] R
0= {Rmz)u’(R(g)J
{m — O (0) "
w(R(z)) o

01— OR"(0) u”

+[ W(RE) W

—~
IS
~—

—~

—
Oy

—
IS
~—

~

L2 () L
1—¢ " W) )

—
=

+ (1= 0)h"(0) (R’(z)u’(R(z)) - R(9u(R(2))

Recall that, by the first-order condition for effort (34) and the zero-profit condition

(4),

1 1 z
- ((1—=0On" () =0—b="=.
R w0 [
Moreover, we saw that
0 ~ 4 A ~
o ve Rl vy RE __t {-OOL
T et P aptee e -0 v !
and 1-¢ ~ 1-¢ A N
s V0 R(iz) vmy  R() N (1 =0n"(0) ¢
vl’z;) + v’é) R(z) vl’(_;) + v'fz) R(z) v'(Z) ¢
and hence
1 ~ 1 A A
o ve R ve  RBE) F +€h’/(€)} 4
e e R G~ S RO R U G
We thus obtain
pl_ L[ -0rO)] R ([L-0r(0)] R ()
¢ z|RQu(R()] R(z)  z|REw(REZ))] R(2)
[ w'(R(2) W'(R(Z)) NN -
(| mevEe (R/(z) VRE) T B u/(R(2>>>3> (= 0p"e) (1-0) k(z)
4 1—¢ e R'(2)
= R (RE) | REW(RE) z
[ 7 o wRE))  w(R() o] A
+f RV (RE) (R’(z)(u’(R(z))F R’(f)(u’(R(i))P) a1 - Omo) gR(z)
1—¢ 7 vy
= REW(RE) T FEWRE) | ®EG)
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where

=20 h(0)

D= R (¢
=7 " g O
__uw(RGE) ) WIRE)
¢ 1-¢ ¢ ¢ _mewtey + (- Owewtey |
zR(Ew(RE) - 2 B2 (B(2)) REWERE) ~ REOWERE)

Now, recall that the firm’s profit is equal to I1(0) = €0 — z — £b. Thus, we can write

oni(e) 0z  Ob
0 Vb5
—0—b— ! - ! o1 = O (0).

R(Z)w(R(z)) R (2)v'(R(2))
The second-order condition to the firm’s maximization problem reads:

B211(0)
a0

<0. (35)
Differentiating the previous expression leads to

o°11(6) b [U”(R(z)) 0z _ u'(R(z)) 52] o1 — D1 (0)

orF ~ ol |W(R()Pol (W(R()? ol
1 1 B 1 1—20  (n"(0) o
K{H@wm@» R@wm@ﬂ[l_z+mwﬂgﬂ O(E).

But recall that

0z (O _ and o _ 1! + ¢ n"(0)
o R(z)u'(R(2)) o [R(2)w(R(z))  R(2)v'(R(2)) '
Hence, we obtain
COTI) 1-20 R0,
—2 oz 1-17 + 1 (0) + Ch"(£)x
W (R(2) oy w(RG)
¢ 1-¢ ¢ ¢ _ ey 0 - Orewaey |
zR(W(RE) - 2 R(2u(R(z)) REWRE) ~ REVRE)

where we used again equation (34) with 6 — b = z/¢. We can therefore rewrite the
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Gateaux derivative of labor effort as

(_ﬁn(@)) (o [6(1—4);1"( )1 ng {51 O (¢ )} R'(2)

or )t [R(u(R2) R(2)u'(R(2)) ] R'(2)
= w'(R(2) W/(R(2) " -
| mevEe (R/@)(u’(R I~ FEW R >£(1 OR'(0) (1-0) R(z)
s =t R(z)

@V (RE) T REWRE)

1 _ —_
L wRe)  _ w'(RE) Y .
. R (@) (R'<z>(u< Ky~ T (R(z)))3>£(1 OR'(E) JBe)
1—/¢
REwRE) T FEWE®)

where, by condition (35), the term multiplying / /¢ in the left hand side is positive.
Using the definition of ¢,,;, and noting that

0 L= 00

;Ein = 'U/(g)

and %bem +1= g—al — OR'(0)

v(z)

leads to equation (31). Note finally that if the utility function is logarithmic, this

expression simplifies to:

oo\ L _ re | R e | B3
2 0 )i | E@ _EE | R(z) T’ @ R'(%)
= RE - REJ RE R
¢ _R(z) A R(z) A
_ [ targtl 1 Be) [ Ly |G
— NEG L EG) / R | oRG) | R(z
(1-0OFS + (52 Rz) (-0 +tmg] BG)

where we used again equation (34). This concludes the proof.

Extension to a locally nonlinear baseline tax schedule. Accounting for the terms in-

volving R” in the above Taylor expansion leads to the following more general expres-
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sion for the response of labor effort to tax reforms:

Dg— €V€—>qufw@+e{a 6%%@}ﬁ@>

2 [R(2)u'(R(2) ]| R(2) R'(2)u'(R(2))] R'(Z)
g, u”(R(z)) u” (R(2)) " A
A crconR (Rf@(u'm@» R (R )g OR'( 1 p ke
1—¢ /
z FEw(rE) T FEWED) R(z)
_ 1 _ -
. 7 "(R(2)) _ u"(R(2)) _ " A
0|4 mevEe) (R’( T (RE)P R’(zxu'(R(z)))S)f(l O () B)
T - 1—¢ T ‘ R'(z)
=l REW(RE) T REWERR) |
where we denote
R//( ) R”( )
1—20 (h"(¢ e — + T
D= h”(g)  WOrw RE T WEFWEEE | gpr(p)
N (0) REV(RE) FRu (R(z))
W (R(2)) W (R(2))
I O e ¢ reweey T - O reweey
zR(2)u'(R(2))  zR(2)v'(R(2)) TR — RO

and

() (1-OR"(2)
1=1- (e * e

Note that this term appears in the second and third line of the right hand side of the

expression for / /¢, which is otherwise identical to the formula derived above. m

Proof of Lemma 10. Substituting expression (30) into (28) and (29) implies

> — V' (2) 1 R(g) n v (2) é(—) Eh”(ﬁ)
e tve Rz TI+ CRE VR
1-¢ ~ /¢ A
. V' (2) R(g) E) B R( ) (1 _ é)h"(f) R
=T 7 + 1= 7 1 — + — £.
’U’(g) + ’U/(Z) R/(g) ’U’(g) + 7_)’(2) R/(Z) "U/(Z)
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This system can be rewritten as follows:

P PR C) R(z) L] V&) gé(_) 1 =0n"()
= 14 4 / _p 1= 4 e _ /
| e teel PO -t BE) 1-6 v
r . 1-¢ «
.~ 1 (3 R(z ) R(z 1[e(1—=0)h"(0)] -
== (LR - B b=l b o e
Lo T e 2 |ve tve

Defining €,,; and ¢;,, as in the text, and noting that, by equation (34),

(L—0OR'(0)  A-0r'w)
B - e P

leads to expressions (32) and (33). m

C Alternative Models of Performance Pay

C.1 Linear Contracts: Piece Rates and Commissions

Preferences are represented by the utility function U(c, ¢) = —% exp(—~(c—h(L))),
where h is convex. The income tax schedule is affine: ¢ = Ty + (1 — 7)z. Providing
effort ¢ yields output 6(¢ + n), where n ~ N(0, cr%). The firm observes the worker’s
output but not her effort nor performance shock. Following Holmstrom and Milgrom
(1987), we can restrict attention to linear contracts, i.e., pre-tax earnings are given
as a function of observed output by z = zy + 30(¢ + n), for some (zg,3) € R% The

firm maximizes expected profits 8¢ — E[z]0] subject to the incentive constraint
(= arg I?%XE[U(C, 0)|0] (36)

and the participation constraint E[U(c, £)|0] > U(6). The free-entry condition holds
and determines the equilibrium reservation values.

We show below that the incentive compatibility constraint (36) implies h/(¢) =
(1 —7)56. In other words, if the firm wants to elicit an effort level £ from the worker,

it must design a contract such that the sensitivity of pay to performance is equal to




This equation shows the worker’s exposure to output risk, measured by the slope
of the equilibrium contract, has a similar expression as in our baseline model, and
identical crowd-out and crowd-in elasticities €51, = —1 and €5, = 1/&l". In Section
C.4 in the Appendix we derive expressions for the demogrant zy and the equilibrium
expected utility U(6).

The optimal effort level is chosen to maximize the firm’s profit. We find that ¢

satisfies 1 16
-7
W)= —————.
(t) L +h"()o? (37)
Suppose in particular that h(¢) = % We then get f = %IL and { = 1+7 . Thus,

b = ﬁ is independent of the tax rate. More generally, the net effect of the tax
n

rate on the pass-through is given by

dlnﬁ E01—r
TP s
dIn(1 —7) * el

and the elasticity of labor effort with respect to the retention rate 1 — 7 is given by

dln¢ ef
8[,177’ = = RO (0)
Oln(1 —7) 1+(1_5)%
where el” = e};ﬁf@) is Frisch elasticity. These expressions imply that an increase in the

tax rate leads to an increase in the pass through [, so that the crowd-out dominates
the crowd-in, if and only if the labor effort elasticity €,;_, is smaller than the Frisch
elasticity e/, or equivalently whenever h"(¢) > 0. If the disutility of effort is isoelastic,
this is the case iff )" < 1.

The framework of Holmstrom and Milgrom (1987) allows us to verify that our
main prediction—the offsetting of the crowd-out and crowd-in effects—is robust to
the degree of risk aversion of workers. Suppose that the Frisch elasticity is constant,

in which case the effort elasticity becomes

F
€y

L+ (1=p)(L—ef)

R (0)
91 T

Note further that by the first-order condition (37), effort is strictly decreasing in the

Eo1—1 =

This elasticity depends on § = which is increasing in the level of effort.

coefficient of absolute risk aversion . Intuitively, motivating effort requires exposing
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workers to earnings risk, and more risk-averse workers require higher compensation
for this risk—a higher zg—which is costly to the firm. Thus, the firm optimally
chooses a lower level of effort when ~ is higher. This comparative statics allows us to
sharply characterise how risk aversion affects both the labor effort elasticity and the

degree to which the crowd-in offsets the crowd-out.

Proposition 4 The effort elasticity e,1—, is a monotonic function of the coefficient

F
of absolute risk aversion vy, and takes values between €} when v = 0 and 2ZF when
4
__F
v — 00. Thus, #ﬁli) takes values between 0 when v =0 and —; “t when y — 0.
-

Suppose that, in line with the existing evidence, Frisch elasticity is equal f = 0.5.

We know that, regardless of the degree of risk aversion, the crowd-in will offset at

dln g
dln(1-7)

of absolute risk aversion -, the higher is this offset rate, reaching 100 percent when

least two-thirds of the crowd-out: > —1/3. Furthermore, the lower is coeff.

the risk aversion vanishes.

C.2 Convex Contracts: Stock-Options

We now build on the model of performance pay proposed by Edmans and Gabaix
(2011). This framework gives rise to convex optimal contracts and has been used to
describe forms of executive compensation such as stock options. Here, we focus on a
simple version of the model, and we refer to our earlier Working Paper (Doligalski,
Ndiaye, and Werquin 2020) for a thorough analysis of taxation a general environment
that allows for arbitrary utility function, distribution of performance shocks, and tax
schedule.

The setup is similar to our baseline model of Section 2, except that agents can
now draw continuous performance shocks. A worker with ability 6 who provides effort
¢ produces output 6(¢ + n), where n € R is a random variable with mean 0. As in

Edmans and Gabaix (2011), we impose the following assumption.

Assumption 1 The agent chooses effort { after observing the realization of her per-
formance shock 1. The firm recommends the same effort level £(0) for all agents with

the same ability 6.

Importantly, we assume here that the worker is committed to stay with an em-

ployer regardless of the realisation of the performance shock. Since the design of
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the contract ensures that effort is incentive compatible, the firm is able to infer the
underlying type n from the worker’s output. We thus denote the earnings schedule
by z(0,n). The firm’s problem is to maximize expected profit (1) subject to the

participation constraint (3) and the incentive compatibility constraint, which reads:

A,

0(0) € arg m?xu(mz(e, n+0—1000))) —h{l), Vn. (38)

That is, when the worker exerts effort g, the employer assumes that she has exerted
the recommend effort £(0) and deduces that 7 is 7+ — () and pays her according to
that calculation. Incentive compatibility then implies that ¢ = ¢ (0) is optimal. Notice
that, in contrast to our baseline framework of Section 2, the effort level () must
maximize utility state-by-state (i.e., for each performance shock realization 7) rather
than in expectation. This is a consequence of the timing Assumption 1. Finally, the

free-entry condition (4) holds.

Assumption 2 The utility of consumption is logarithmic, u(c) = logc. The Frisch
elasticity of labor supply €f' = h'(£)/Ch"(€) is constant. The performance shocks
are normally distributed, n ~ /\/'(0,0727). The tazx schedule has a constant rate of

progressivity (CRP), T(z) = z — ﬁzl_p.

We denote by f = 0logz(6,7n)/0n the pass-through of performance shocks to

log-earnings. The following proposition characterizes the equilibrium labor contract.

Lemma 11 The earnings schedule is log-linear and given by:

h'(€)

log z(6,7n) = log(6¢) + n — 35202 with = - (39)
Effort € is independent of 0 and satisfies:
0= (1= p)(1 — e PR /0D, (40)
where gy = % = 1/el’. Expected utility is given by
U(6) = log(R(60)) — h(6) — 5(1~ p) 3o}, (41)

Lemma 11 shows that earnings risk, measured by the pass-through parameter 3,

is constant and has the exact same expression as in our discrete model (equation (7)),
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namely 5 = h'(¢)/(1—p). Asin Section 2, this property follows immediately by taking
the first-order condition in the incentive compatibility constraint (38). This implies
in turn that the crowd-out and crowd-in elasticities are given by €3;_, = —1 and
ese = 1/el’. Proposition 1 and the subsequent discussion on the relative magnitude
of these two forces thus applies identically to this framework. Only the expression for

the labor effort elasticity is different, namely,

el 1+ e506%0;
E1—p = : 7 .
’ 1 F 1—e
€y 1+ 1+€§:8/37g B2J%

This expression shows that the labor effort elasticity is strictly larger in the presence of

moral hazard (e, > 0) than in the benchmark model with exogenous risk (eg, = 0),

due to the marginal cost of incentives (MCI) in the first-order condition for effort.
We can now derive the optimal rate of progressivity in this framework. We obtain

the following result.

Proposition 5 Suppose that the social welfare objective is utilitarian. The optimal
rate of progressivity satisfies
p 0j + (1 +ep1-p) %0,

_ : | (42)
(1-p?% [14 m}ée,l—p + (1 = p)eprcon—pBPo?

Thus, the optimal rate of progressivity is strictly smaller in the model with endoge-

nous private insurance than in the benchmark environment with exogenous risk where

€g1—p =€pe = 0.

Interestingly, the optimal tax progressivity in our baseline setting (equation (13))

coincides with formula (42) up to a second order as § — 0.

C.3 Dynamic Contracts: Career Incentives

We now extend our results to a dynamic model of the labor market based on
the model of Edmans, Gabaix, Sadzik, and Sannikov (2012).>° Workers are indexed
by their constant productivity #. They live for S > 2 periods and discount the

300ur results of Section 2 also extend to the dynamic framework of Sannikov (2008), in which the
one-shot deviation principle implies that the sensitivity of utility to output shocks is, again, given
by the marginal disutility of effort h'(¢) (see equation (4) on p. 962).
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future at rate r. Preferences are separable, logarithmic in consumption and isoelastic
in effort. Productivity 6 is lognormally distributed with mean p and variance o3.
The government levies a CRP income tax given by R;(z) = 11_—_7;,21_”. The rate of
progressivity p is time-independent while the intercept 7; ensures that the budget is
balanced in each period. Private savings are ruled out, so that ¢; = Ry(z).

We denote the history of a random variable z up to time ¢t < S by z!. Flow output
at time t is given by y; = 0(¢; + 1) where {m;}1<;<s are i.i.d. random variables. We
assume that 7, are normally distributed with mean 0 and variance O'g. As in Section
C.2, we assume that the agent chooses period-t effort ¢, after observing the realization
of the history of performance shocks up to and including time ¢, n‘. Firms discount
future profits at rate r. In each period they observe the agent’s productivity and
history of output realizations. A labor contract specifies for each ¢ a recommended
effort level ¢,(0) and an earnings function z(6,7"). The firm maximizes its expected

profit

S t—1
H(Q) B {Zt(e)yzgg;%}f)}lﬁtﬁs t=1 (1 + T‘) {'9615 ]EO [Zt<97 ! )]}

subject to the incentive constraint:
S

Er |3 8 (wlRilz(6,1))) h(ét<nf>>>] (43)

L t=1

IN

E, Zﬁt Hu(Re(z(0.1"))) — h(ﬁt(H)))] G0 heess

and the participation constraint:

Eo Zﬁ“ R(z(6,1))) — h(£:(9)))

The free-entry condition (4) holds.

Lemma 12 Let Z (1+7") = 1/6;, and denote the present value of effort by L =
ZS (1+T) € Define the sequence of pass-through parameters {5 }1<i<s by

(44)
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The earnings schedule satisfies

log(z(6, 77t)) = log(z-1(6, Util)) + B — %@20727: (45)

where initial earnings are given by zo = 610L. Period-t effort level {; is independent
of 0 and satisfies

gt 1 ) o ef/(lJrsf)
b = [(1 —p) ((51_L - gtEﬁt,etﬁt %)]

where eg,¢, = 1/l is the elasticity of the pass-through parameter B, with respect to

effort U;. Fxpected utility is given by

U(9) = i (1 i T)H {u(R((Sl@L)) bt — 2% fag] |

t=1

Equation (45) shows that, as in the static setting of Section C.2, earnings in each
period t are a log-linear function of the performance shock 7, in that period. Note
that g = 1 in the last period, so that (g is exactly the same as in the static model.
In earlier periods we have §; < 1 for all t < S — 1, so that the pass-through of
output risk is smaller than in the static environment. This is because an increase in
output realization in a given period, either due to effort or to random shocks, boosts
log-earnings in the current and all future periods equally. Indeed, since the agent is
risk-averse it is efficient to spread the rewards over her entire horizon. In other words,
a given increase in lifetime utility necessary to elicit higher effort requires a higher
increase in flow utility if there are fewer remaining periods over which to smooth
these benefits. As a result, the sequence {d;}1<;<s is strictly increasing and the
degree of performance pay gets stronger over time. Nevertheless, the pass-through of
performance shocks to log-earnings (; keeps the same expression as in the static model.
Thus, our insight that tax progressivity affects the private contract via offsetting

crowd-out and crowd-in forces carries over to this dynamic environment.

Proposition 6 Suppose that the planner is utilitarian. The optimal rate of progres-

stvity is given by

2
p o Oy

= s—1 <46)
(1—p)? eri—p+ (1 —p) Zsszl (11?) g_igﬁsfsgés’l_pﬁgag’
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where 1,1, s the elasticity of the present discounted value of effort with respect to

progressivity, and eg, 4, = 1/}

Equation (46) is similar to its static counterpart (42). Assuming first that private
insurance is exogenous (gg, ¢, = €g,,1—p = 0 for all s > 1), note that the relevant labor
effort elasticity is that of the present-value of effort, e, ;_,. With endogenous earnings
risk, the optimal rate of progressivity accounts for the negative fiscal externality
due to the crowding-in of private insurance (second term in the denominator). The
only difference with the static expression is that the relevant discount factor is not
(1/(1+7))*"t but (1/(1+7))*"18;/ds. Since d, is increasing over time, this implies that
the fiscal externalities caused by the future performance-pay effects are discounted at

a higher rate than the standard deadweight losses from distorting effort.

C.4 Proofs of Section C

Proofs of Section C.1. The incentive constraint reads

¢ = arg max —lE [e‘V[TOJF(l—T)(Zo+69(l+n))—h(l)]|9]

Taking the first-order condition implies
E [{(1 —7)50 — h’([)}efW[To+(1*T)(20+59([+Tl)*h(@]’9] =0
and hence

(1—7)80 = H(0).

The slope of the optimal contract is thus given by § = O

1
0 1—7"°

Expected utility is
given by

E[U(c, ¢)|0] =E _le*V[To+(177)zo+(177)60(£+n)7h(g)] |9]
Y

_ L g aemm e (0-hO) [e—vh’(f)nyg}
f)/

_ Lm0 e (0 -h() 3P (0202
N
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The participation constraint then implies

_log(qU®) Ty MO -BO 1Y
T T R P T

Free entry implies 0 = (1 — 3)0¢ — 2y, and hence

20 = (1 — B)6L.
Thus expected utility is equal to
U (6) = — L e =10=m)20 =00/ (0-1h(6) o370 (0207

v

_ L aena-mee —vmo v en 0 -h(e)) L1200 (0)%02
Y

_ L e w0 1o g (en (0-n(0) 34200 (0203
Y

= Lo h) 3 0P (R0, £)e 37 0P,

v

Firm profits are given by

T =(1— B)8¢ — 2

1o

1 K(0) O(0) — h(0) 1 oy s log(—U(8))
:<1_§1—r>%+ 1-7 2137(“5)) ot g7(17—7)

The optimal choice of effort maximizes the firm’s profits:

0:9@_1ww)_wwo+ww@_ (0o

1—171 1—71 1—71

01 —171

so that
(1—7)0

T 1+ b (f)o?

H(0)

This first-order condition implies that

o 0
ol—7  W(l) +o2(h" (02 + W (O)h"(0))
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which leads to the following effort elasticity

. dln/ el
bl—7 — = R(OR(0)
Oln(l—7) 14 (1-0) 2/2(@; )
where e/’ = % is the Frisch elasticity. Assuming that the Frisch elasticity is con-

F
€

stant, the effort elasticity becomes €1, = T AT
4

]

Proof of Lemma 11. Consider first the general case of a concave utility function u
and a nonlinear retention function R. Given the earnings contract {z(6,n) : n € R},
an agent with ability 6 and performance shock 1 chooses effort £(f) to maximize

utility v(z(0,n)) — h(€(0)) with v = uo R. Equation (38) implies that az((;?’") = ‘%gi’")

so that the first-order condition reads

a0, G = (o)) (47)

This equation pins down the slope of the earnings schedule that the firm must im-
plement in order to induce the effort level £(6). Integrating this incentive constraint

over 1 given £(0) leads to

v(z(0,m)) = W' (0)n +k, (48)

for some constant k € R. Since in equilibrium the participation constraint (3) must
hold with equality, the agent’s expected utility must be equal to his reservation value
U(#). Therefore, the value of & must be chosen by the firm such that the agent’s
participation constraint holds with equality. Imposing the participation constraint
with En = 0 implies

kE=U(0)+ h(£0)). (49)

The previous two equations fully characterize the wage contract given the desired
effort level £(f) and the reservation value U(f). They imply that, for a given pair
(a(0),U (0)), the wage given performance shock 7 satisfies:

v(2(0,m)) = h'(€(0))n + [U(0) + h(£(0))]. (50)
The first-order condition for effort is obtained by taking the first-order condition with
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respect to £(f) in the firm’s problem, taking as given the earnings contract required
to satisfy the workers’ incentive and participation constraints.

Suppose now that the tax schedule is CRP, so that R(z) = ﬁzl_p. Equation
(48) then implies that in order to induce agents with ability 6 to choose the same

effort ¢ regardless of their noise realization 7, the earnings contract must satisfy:
1 1—7 k

- 1 51
(w5 g (51)

log(z(0, =
5(:(0m) = T
for some k € R. Thus, log-earnings are linear in the performance shock n = 5 — ¢
that the firm infers upon observing realized output z. Imposing that the agent’s
participation constraint holds with equality pins down the value of k as a function of

U(#). Namely, equation (49) implies:

1 1+
k=U(# I
()+1+§
4
and hence
LF
(et 1 1 1+ 1 1—7 U

log(z(0, = + (= — lo + . 52
g(z(0.n)) — T—p1+ 3 e T, T, (52)

Below we derive the equilibrium value of the reservation utility U(f) and obtain the

equilibrium wage given (¢, 7):

1 2
b1
: ] e (53)

log(=(6,1)) = log(00) + 5115

Define the sensitivity of the before-tax and after-tax wages to output in the optimal

contract by the semi-elasticities 3(0,7n) = m%i’n) and 5°(0,n) = R(z(le ) 8R(Z8570’")),
. El/sf

respectively. We have (5(0,7n) = —- and p(f,n) = (V< . Both B(0,n) and 5°(0,n)

1
depend on the tax schedule through its effect on optimal effort, and there is an

additional crowding-out effect on the before-tax sensitivity.
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Next, since v/(2) = };((j)) = the firm’s first-order condition reads
W (0) h'(€)
0=E + 7|6
GO o)
Iz Zi

We have
1/l 1 1 1+1/eL 1 U(9)
A s yakd L — 10 —Jr
E[=(0,n)|6] = E[e T "]g]e™
2/€g 11 a1/l 1 1—7 , U(9)
— 6%(1 p)2 %6 P1+1/g a ¢ 1-p log T—p T 1-p

where we used the fact that that 7 is normally distributed with mean 0 and variance
o7 so that E[e™] = 2771 for any x. Moreover, we have E[pe®™] = zo2e27°% for
any x. Indeed, let ¢ the (normal) pdf of . We have ¢/(n) = —lgo(n), so that
E[ne™] = [ne*o(n)dn = —op [ ™' (n)dn = xo; [ e*o(n)dn = xagezx *75 . where
the third equality follows from an integration by parts.

1 £1+1/s£ _ 1 1 g7+U(9)
_ 77 1 —P 141 1-p  1-p
E[2(8,n)n|0] = [776 = \9} et
1/eF 1 2/64 L 1+1/se_ 1 1-7 L, U®)
— e 0265( —p)? %el 1/E rt = %8 1_p+1_p.
1—p "

Plugging these expressions into the firm’s first order condition leads to

1+1/el 2/ef l[a)/e[ 1 1 1+1/5l_ 1 g =T <e)
00 = t +i—€ 02| e2-n2 ’2’@ “P1+1/ef rt plos 15T
F 29
1—p g, (1—p)
and hence
1+SLF 1 62/55 1 11/l 1 2/¢) 1 log =2 U(8)
‘ o2 = Qe TP IR “3 Ot T 08 T 1,

1—p T a-pr

Now use the free-entry condition and the expression derived above for E[z(6,7)|6] to

get

1 1 £l+1/sf+l 52/552 02— 1 jog L=r L UWO)
- PR T
e P 1+1/5 (1—p) P P P 96 (54>
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Combining this equation with the first-order condition for optimal effort therefore

leads to: e
1 ¢4/
O s ol =1p, (55)
¢

pn

1
I

Using the definition § = lf_ep for the pass-through easily leads to (40). Note that if

el =1, we obtain optimal effort in closed form:

= (1 ip lG igp)Q)_w' (56)

Taking logs in equation (54) easily leads to (41).

Differentiating equation (55) with respect to (1 — p) leads to

1 F 202 F or 02 F
14 /e + I — T 1:| — Ui 2l =1
K 84) (1—p)(e])? o1—p) (1-p2ef
and hence
202 o
1+ ) El/se +1 + 7 €2/ 2:| €01 p — n €2/€l -1 —p
K ‘ (1=p)(ef)? "1 -pef

1 1
s + oo

Ee1—p = ( )61/55“ + o= 62/%

We ﬁnally express this elasticity in terms of the pass-through elasticities. We have

B = El/a[ and 5, = 1/el’. We can thus write

fl/eerl +2(1 — )555620'72]
Epl—p = .
41-p ( )gl/s +1+ (1_ )55,6520%

But the first-order condition for labor effort reads

OFVE = (1= p)(1 — ep0B202).

7



Substituting into the previous equation and rearranging terms leads to

1 +55g52 ,27
(1+:r) + (7 — DepeBopy

E1—p =
This easily yields the expression given in the text. m

Proof of Proposition 5. Recall that the earnings schedule of agents with ability 6

can be written as .
log(=(6, 1)) = log(6¢) + B — 5 (Bay)”

and their expected utility as

1
U(6) = log ;

— -+ (1= ) log(00) = 5(1= p)(Bo)* — h(0)

Utilitarian social welfare is therefore equal to

/@U(@)dF(e)_(1—p)u9+(1—p)1og5—(1—p)520" —h(€)+10g1:;.

The first-order condition for effort, taking taxes as given, reads

208

oU ()
o0 o0

5 —W(0).

=(1—p)1

0 z—( p)B

Now recall that expected pre-tax and post-tax earnings are respectively given by
pZQ/EZF o2

E[2(0,7)|0] = 0¢ and E[(2(0, n))"?|6] = (6¢)'~Pe” =, so that government revenue

is equal to

o2 1 — bl 2/ef 2 52
/ E[R(z(0,7))|0]f(0)d0 = leto* 3 — : T e s (l-pe(i-Puot-p)*
© —-Pp
Budget balance thus requires
o2 %
1—7 letot= — G (1 — s)letot=

1—p o2 o2 o2/t o2 o2
6—71 5 Pl-pe(1=Po+(1-p)* % =5 pl-pp(l—P)uo+(1—p)>
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As a result, maximizing with respect to 1 — p leads to:

Gl ol B

0= pg+logl + (1 —P)%au — ) h/(%(l - 2

_(1— 2= 4 y
(1—p)Boy, [a(l_pﬁaea(l—p)} o(1—p)’
with
Ologi=; s  dlogl —
> _ — e — (1 =n)a2 =1 SAT
=g Ty Mo~ (- Pk —logl+po
(Eop) oz ptt - pypez | B 98
(2 p) fa, +p(l = p)boy, {5(1 —p) T araa—yp)

We therefore obtain

- 1 o] ot 1o s dlogl
0= {“_p)fh(@_“_pw"%%} o1—p) "Pioa—p T1-so-p)
9 98 o
~ (1910 = (1= %0} = (1= s 0l = Pl g

Using the first-order condition for effort leads to

1 s 9 9
0= Tp lp + 1= S:| Ee1-p —i—pﬁ 0,EBLEL1—p

— (1 —p)[og +¢%07] — (1 —p)BPoiesiyp.
Rearranging this equation leads to the result. m

Proof of Lemma 12. We provide a heuristic proof of this proposition; the formal
argument follows the same steps as in Edmans et al. (2012).
We start by showing that the earnings process z;(6,7') is a martingale. That is,

expected period-t earnings are equal to realized period-(t — 1) earnings,

Etfl[zt(ea Util, 77t>] = thl(ea Util)-

To see this, start from an incentive compatible allocation and consider the following
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variations in retained earnings and utility:

?ltfl = U(Zt71<9777t71>) - 14+r

and

= v(z(0,0" " m)) + A

and us = v(zs(6,n*)) for all s ¢ {t — 1,¢}. These perturbations preserve utility and

incentive compatibility since for all ¢; 1,

1
147

1

Et_l[ﬁt] = U(Zt—l(ev Wt_l)) _h(gt—l)—{_ 147

at_l — h(ét_l) +

Et—l[v(zt(ea UH, nt))]-

The optimal allocation must be unaffected by such deviations, so that

— inE
0 arg min

S
> () e - v_l(ﬁs))] :

s=1
The associated first-order condition evaluated at A = 0 reads

¢ L'(zt(ea}?t_lﬂlt)) | Ztl] - U'(Zt—l(zant_l)).

The inverse Euler equation (see Golosov et al. (2003)) holds in our setting. With log

utility and a CRP tax schedule, this equation can be rewritten as

(1 - p)E[Zt(ea 77t71777t) | Ztil] = (1 - p)’zt*l(ea nt71>7

which yields the martingale property.

Now, assume that a unique level of effort is implemented at each time ¢, that this
effort level is independent of past output noise, and that local incentive constraints are
sufficient conditions. Consider a local deviation in effort ¢; after history (n'~!,7;). By
incentive compatibility the effect of such a deviation on the worker’s lifetime utility
U should be zero,

oou U],
-1 aZt (‘%t (%t o

Ozt

Since 5t

= ¢, we obtain

ou 10U
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Applying incentive compatibility for effort in the final period we obtain:

8Z(97 775_17 775')
s

V'(z5(0,1%)) = h'(€5(6)).

Fixing n°~! and integrating this incentive constraint over ng leads to
v(2s(0,7%) = ' (€s(8))ns + g (")
for some function of past output ¢°~!(n°~1). This implies in particular that

Ov(zs(0,n%) _ 9g" (1)

Ons—1 Ons—1

Analogously, the incentive constraint for effort in the second to last period reads

0zs_1(0,m7°71) N 1
Ons—1 147

V'(zs-1(0,7°71))

Integrating over ns_; and using the previous equation implies

1

1—_|_T95_1(773_1) =N (ls_1(0))ns—1 + 9" 2(n°?).

v(zs-a(0,n77) +

S—l)

We now want to show that ¢g°~1(n is a linear function of ng_;. Since the utility

function is logarithmic and the tax schedule is CRP, we obtain

(1 - p)log(zs(0,7)) = W' (Ls(0))ns + g% (n° ") — log 11__7;
and
(1= p)log(zs-1(6,7" "))
=t 1O)ns 1~ 100 + 0% )~ log L

Now recall that the inverse Euler equation reads

Es1(zs(0,17°)] = 25-1(0,7° 7).
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Using the previous expressions, this equality can be rewritten as
Eq_, [eﬁh/(fs(e))ns} P T A U

1

_ 1-p

I e R e e A e e U}
1—7’571

This in turn implies

1
1 S—1/._5-1
( + 1+7~) 9 (")

= h(ls_1(0))ns-1+ g°*(n°?)

l 2
L0y L 1o
Therefore, g°~*(n°~1), and in turn v(zg_1(6,7°")), is linear in ns_;. Moreover, the
last-period utility is linear in both ng and 7s_;. By induction, we can show that
the utility in each period is a linear function of the performance shock in every past
period. Now suppose for simplicity that S = 2, r = 0, § = 1, so that §; = % and

02 = 1. From the arguments above we guess a log-linear specification for earnings:

log z1 = Bimy + ki
log zo = Borm + Bana + k1 + k.

The martingale property derived above requires z; = IE;[z5], so that for all n,
ebimtkr — eﬁz1n1+k1E[652n2+k2 | 771]. This requires /1 = [y and e~k — E[eﬁwn ’ 771]-

Now, the total utility of the agent is given by

U= (1—-p)[261m + Bana + 2k1 + ko]

1—-7n 1—r
— h(ly) — h(¢ 1 1 )
(41) (2)+0g1_p+0g1_p
The incentive constraint for effort (57) implies
() _ W)
b= 21— p)’ and [ = 1—p

and therefore

w
V)
|
=
—
~
no
N—
Q
I N
VR
=
Yoy
~
no
N—
~_
no



Replacing in the expression for log earnings leads to

R (41) 03( R (£) )2

21—p) "~ 2 \2(1—p)

logz1 = Kk +

and

I T T R (O AN

0'2 . . . o .
where k| = ki + 810, — 3 (2. This constant is pinned down by the zero profit condition
E[zy 4+ 23] = £ + 5, that is, 2¢¥1 = ¢, + £5. This implies

U+l
2 )

ki = log

which concludes the proof of equation (45). The expressions for optimal effort and

utility are derived in the next proof. m

Proof of Proposition 6. Recall that the earnings schedule is given by

5202

log z; = log(6,0L) + Sym — 12 <,
62‘72
log 2 = log z4—1 + B — t2 L.

The expected utility of workers with productivity 6 is therefore equal to
S s—1 2 2
1 1 1 Bio
ug)=(1- — log(6:0L) — — 21
0= |5est0n -3 (77 552]

S 1 s—1 S 1 s—1 1— 7
- h(, — ) 1 Ly
;<1+r> ( )+;<1+r) Ogl—p

from which the expression given in the text easily follows. Thus, utilitarian social
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welfare is

/@ U(0)AF(0) = (1 - p)

S s—1 2 2
1 1 1 1 B
~log(8iL) + —ptg — 3 2%
5 og(d1 )+51/~LG S:1<1+r) o, 2 ]

S 1 s—1 S 1 s—1 17+
— h(£ — 1 -5
;(14—7’) ( )+;(1+7‘) Ogl—p

S

The first-order condition for optimal effort reads
0= ou(6) = (1—1p) ll(?_L_ 1 - lﬁ 2% _ 1 o W (t,)
“ o, VP s toan  \1+r) 8o, 117 ‘

t—1
1 (1J1r) b 1 T 2 2 1 1 o
—(l—p) | 2N - - (0
(1=p) [51 L T1r) ot et T\ Ty (&),

which easily leads to the equation given in the text. Now, the expected present value

of pre-tax and post-tax earnings in period ¢ are given by E[z;] = §;0L and

2 2
s%n Bson

E[ztlfp] — (6,0L)'PE [62221(171))63775] e~ Dem1 (1-p) 51 (519[1)17176*17(171)) Yo 3

respectively, so that expected government revenue in period ¢ is equal to

/@ E[T(=)}dF(6)
1—7
—p

1 1 e B9 1-p)2%
(6, L) P PIP) ey =57 o(mPno+(1=p)" 5"

o2
=9 1L€M9+79 _
Imposing period-by-period budget balance therefore requires

02
-7 (6, L)Petot2

1=p o p(-p)(Th, 89D (-ue+(1-p2 %

Substituting this expression into the social welfare function [, U(#)dF (6) implies that
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social welfare is equal to

5_11 {log(élL) + o+ (1—(1 —p)Q)%g} - ZS: ( : >S_1 h(ls)

—~ 1+4+7r
S s—1 s 2 2 s—1 2 2
1 Cor 1 1 Bio,
+p(1_p);<1+r) ; 2 _(1_p);(1+7’> 5. 2
1y (L) 4 pg+ (1 — (1 — )2)0_3 -y ! S_lh(é)
_51 Og 1 /’LH p 2 — 1+T S
S s—1 2 2
1 1 Bio
2 s°n
—(1=p) ;<1+r) 5, 2

We can now maximize this expression with respect to 1 — p to get

> iz () () e ay

1-p)
S 1 s—1 1 ) o
-(1-p)) 1o, 5—8563,63545,1—1058%
s=1

S 1 s—1 1
r1-03 (57) g
s=1 $

Using the first-order condition for effort derived above to simplify the left hand side
of this expression implies

S s—1 S s—1
p 1 1 1 1
B loco 1 E —
1—pdoiL — (1+r> Ctotp TP < )

6 Eﬂs:esg‘es,l*pﬂzas

S s—1

1, 1 1 9 9
E —(1 _ .

57 & (1+T) 5, Hesalfio

But the elasticity of the present discounted value of effort is equal to

I—p 9 Zf:l (ﬁ)s_l

5—16
L a(1 — p) Z (1 + r) e

EL1-—p

Moreover, we have 1+¢g, 1, = 0. Substituting these two expressions into the previous
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equation and rearranging terms leads to

s—1
p |1 . ' 1,
1—p)2 B 1 - — = -_— .
(]. — p>2 51 L1-p T ( p) Z (1 + T) 58853,5585371 pﬁSO'77 (51 lop

s=1

This concludes the proof. m
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